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Approximating continuous functions by
iterated function systems and

optimization problems∗

Davide La Torre† Matteo Rocca‡

22nd April 2002

Abstract

In this paper some new contractive operators on C([a, b]) of IFS type are
built. Inverse problems are introduced and studied by convex optimization
problems. A stability result and some optimality conditions are given.

AMS Subject Classification: 28A80, 41A20
Keywords: Iterated function systems, optimization

1 Introduction

The Iterated Function Systems (IFS) were born in the eighties ([2] [7]) as applications
of the theory of discrete dynamical systems and as useful tools to build fractals
and other similar sets. Some possible applications of IFS can be found in image
processing theory (see [4] [6] and the references therein), in the theory of stochastic
growth models (see [9] and the references therein) and in the theory of random
dynamical systems ([1] [5] [8]). The fundamental result on which the IFS method is
based is Banach theorem. In practical applications, the following inverse problem is
fundamental: given f in a complete metric space (X, d), find a contractive operator
T : X → X that admits a unique fixed point f̃ ∈ X such that d(f, f̃) is small
enough. In fact if one is able to solve the inverse problem with arbitrary precision, it
is possible to identify f with the operator T which has it as fixed point. In this paper,
we analyze some contractive operators on C([a, b]) which arise as generalizations of
adjoint operators associated to invariant measures of IFS and we show how the
inverse problems can be formulated as constrained convex optimization problems.
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The paper is structured as follows: section 2 is devoted to recall the principal notions
of the theory of IFS; in section 3 and 4 two new contractive operators are introduced
and the inverse problems are studied. Finally in section 5 a stability result is given.

2 Contractive maps on C([a, b]): an introduction

The aim of this section is to show how a class of contractions on C([a, b]) arise as
adjoint operators of iterated function systems. If we consider the space H([a, b]),
built with all compact subsets of [a, b], and if we introduce on H([a, b]) the following
metric (Hausdorff metric):

h(A, B) = max{max
x∈A

min
y∈B

|x− y|, max
x∈B

min
y∈A

|x− y|}

then the space (H([a, b]), h) is a complete metric space ([7]). Now let B([a, b])
denote the σ-algebra of Borel subsets of [a, b] and M([a, b]) denote the space of all
probability measures on [a, b]. Define a metric on M([a, b]) as:

dH(µ, ν) = sup
f∈L1

∫ b

a

fdµ−
∫ b

a

fdν, µ, ν ∈ M([a, b])

where L1 = {f : [a, b] → R : |f(x) − f(y)| ≤ |x − y|}. Then (M([a, b]), dH)
is a complete metric space [7] (this metric is called Hutchinson metric). Now let
w = {w1, w2, . . . wn} denote a set of n continuous contraction maps on [a, b], i.e.
wi : [a, b] → [a, b] and:

|wi(x)− wi(y)| ≤ ci|x− y|, x, y ∈ [a, b], 0 ≤ ci < 1, i = 1 . . . n.

The couple ([a, b], w) is called Iterated Function Systems (IFS). It will be convenient
to define the maximum contractivity factor of the IFS as:

c = max
i=1...n

ci < 1.

Associated with these maps is a set of non-zero probabilities, p = {p1, p2, . . . pn},
pi > 0 and

∑n
i=1 pi = 1. Now for a set S ∈ H([a, b]), denote wi(S) = {wi(x), x ∈ S}

and denote the ”parallel” action of the set of maps wi on S as:

w(S) =
n⋃

i=1

wi(S).

Also define the iteration sequence ws+1(S) = w(ws(S)), s = 1, 2 . . .. Two important
results for contractive IFS are given below.

Theorem 2.1. [6]
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i) There exists a unique compact subset A ∈ H([a, b]), the attractor of the IFS
{[a, b], w} (independent of p) such that:

A = w(A) =
n⋃

i=1

wi(A)

and h(ws(S), A) → 0 as s →∞ for all S ∈ H([a, b]).

ii) Define the following ”Markov operator” M : M([a, b]) → M([a, b]),

M(ν) =
n∑

i=1

piν ◦ w−1
i .

Then there exists a unique measure µ ∈ M([a, b]), termed the invariant measure,
which obeys the fixed point condition:

Mµ = µ.

Moreover, supp(µ) = A.

Note that the equation A = w(A) implies that A is self-tiling, i.e. A is union
of (distorted) copies of itself. This establish the geometric nature of the IFS. The
equation Mµ = µ characterizes IFS in term of measures. Then for a µ-integrable
function f : [a, b] → R,∫

A

f(x)dµ(x) =
n∑

i=1

pi

∫
A

f(wi(x))dµ(x).

Let C([a, b]) the Banach space of continuous functions on [a, b], and associated with
the IFS {w, p} define the following operator T : C([a, b]) → C([a, b]):

Tf =
n∑

i=1

pif ◦ wi, f ∈ C([a, b]).

Now for a given µ ∈ M([a, b]), define the linear functional F : C([a, b]) → R,

F (f) =< f, ν >=

∫
[a,b]

fdν.

Then:
< Tf, ν >=< f, Mν >

i.e. T is the adjoint operator of M .

The operator T is a contraction on the complete metric space (C([a, b]), d∞
1) with

contractivity factor c = maxi=1...n pi < 1. Now let f ∈ C([a, b]); then the inverse
problem consists of finding an operator T : C([a, b]) → C([a, b]), Tf =

∑n
i=1 pif ◦wi,

such that Tf = f . In approximating way this problem can be solved using the
following result (known as Collage theorem).

1d∞(f, g) = maxx∈[a,b] |f(x)− g(x)|
3



Theorem 2.2. [6] Let f ∈ C([a, b]). If d(Tf, f) ≤ ε then d(f, f̃) ≤ ε
1−c

, where

T f̃ = f̃ and c = maxi=1...n pi < 1.

So the inverse problem is reduced to the problem of minimizing the quantity
d(Tf, f) over a functional space built with the maps wi and the probabilities pi. So
if a family of maps wi with associated probabilities pi is given, as in [6], the inverse
problem can be reduced to a convex constrained optimization problem on Rn. The
aim of the next sections is to introduce some generalizations of the map T and to
study the inverse problems.

3 A new contractive operator of IFS type on C([a, b])

Now let us consider the function T1 : C([a, b]) → C([a, b]), which is a generalization
of the operator T , defined as:

T1u(x) =
n∑

i=1

piφi ◦ u ◦ wi(x)

where φi : R → R are Lipschitzian with Lipschitz constants Ki ∈ R+, wi : [a, b] →
[a, b] are continuous and pi ∈ R+, i = 1 . . . n. We have the following result which
establishes that, under some hypotheses, T1 is a contraction on C([a, b]). We observe
that T1 is reduced to T when φi(x) = x, ∀i = 1 . . . n.

Theorem 3.1. T1 : C([a, b]) → C([a, b]) verifies the following inequality:

d∞(T1f, T1g) ≤

{
n∑

i=1

piKi

}
d∞(f, g).

Proof. In fact we have ∀f, g ∈ C([a, b]):

d∞(T1f, T1g) = max
x∈[a,b]

|T1f(x)− T1g(x)| ≤

max
x∈[a,b]

n∑
i=1

pi |φi(f(wi(x)))− φi(g(wi(x)))| ≤

max
x∈[a,b]

n∑
i=1

piKi |f(wi(x))− g(wi(x))| ≤

{
n∑

i=1

piKi

}
d∞(f, g).

In this context, Banach theorem ensures that if KT1 :=
∑n

i=1 piKi is less than one
then the map T1 is a contraction on C([a, b]); so the fixed point equation T1f = f
has a unique solution f̃ and the sequence T j

1 u = T1(T
j−1
1 u) converges to f̃ for all
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u ∈ C([a, b]). Given a function f ∈ C([a, b]) the inverse problem consists of finding
a contractive operator T1, as above, such that the fixed point of T1 is near to f . If
the Lipschitzian maps φi and the continuous functions wi are given, the solutions of
the inverse problem have to be found by using the parameters pi (we will write T1,p

instead of T1 to put in evidence the dependence of the operator T1 on the vector
p = (p1, p2, . . . , pn)). Furthermore, since the fixed point f̃p of a map T1,p is unknown,
is useful the following theorem which gives us an estimate of f̃p.

Theorem 3.2. Let p∗ ∈ Rn
+ such that KT1 =

∑n
i=1 p∗i Ki < 1 and f ∈ C([a, b]). If

f̃p∗ is the unique fixed point of T1,p∗ and if d∞(f, T1,p∗f) < ε then:

d∞(f, f̃p∗) <
ε

1−KT1

.

Proof. In fact:

d∞(f, f̃p∗) ≤ d∞(f, T1,p∗f) + d∞(f̃p∗ , T1,p∗ f̃p∗) + d∞(T1,p∗ f̃p∗ , T1,p∗f)

and, since T1,p∗ f̃p∗ = f̃p∗ , we obtain:

d∞(f, f̃p∗) ≤ ε + KT1d∞(f, f̃p∗)

that is the thesis.

In other words, the previous theorem states that if f is given and p∗ is such that
d∞(T1,p∗f, f) < ε (with ε ”sufficiently small”) then, ∀u ∈ C([a, b]), the sequence
T s

1,p∗u = T1,p∗(T
s−1
1,p∗ u) converges to f̃p∗ (when s → +∞) which is an approximation

of f . Obviously now the problem consists of finding p∗ ∈ Rn
+ such that:

P1) F (p∗) = min F (p) := min d∞(T1,pf, f)

with
∑n

i=1 piKi ≤ δ and δ < 1. We will see that this is a constrained convex op-
timization problem. It is clear that the ideal solution consists of finding p∗ such
that F (p∗) = 0; in fact in this case the map T1,p has exactly f as fixed point. Since
F is in general not differentiable, this is a nonsmooth equation. Furthermore F is
convex and then semismooth; this assures the convergence of the Newton’s method
introduced by Qi and Sun [10]. In the other cases the value F (p∗) is a lower bound
for the precision of the estimate; in this setting this bound can be improved only
increasing the number n of parameters pi.

Remark 3.1. If there exists a vector p ∈ Rn such that T1,pf = f then f is a solution
of the following functional equation:

f =
k∑

i=1

piφi ◦ f ◦ wi.

With the following results we study the previous minimization problem and we
give a necessary and sufficient condition for the existence of a minimizer.
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Theorem 3.3. F : Rn
+ → R+ is convex.

Proof. ∀p1, p2 ∈ Rn
+ and ∀t ∈ [0, 1] we have:

F (tp1 + (1− t)p2) = max
x∈[a,b]

∣∣∣∣∣
n∑

i=1

(tp1,i + (1− t)p2,i)φi(f(wi(x)))− f(x)

∣∣∣∣∣ ≤
tF (p1) + (1− t)F (p2).

Proposition 3.1. The set C = {p ∈ Rn
+ :

∑n
i=1 piKi ≤ δ} is convex.

So the problem P1) is a constrained convex optimization problem. A necessary
and sufficient condition for the existence of minimizer, given by subdifferential theory
([11]), is given in the following result.

Theorem 3.4. p∗ ∈ C is a minimizer of F (p) if and only if there exist λi ≥ 0,
i = 1 . . . n + 1 such that p∗ is a solution of the following system:

0 ∈ ∂p{F (p)−
∑n

i=1 λipi + λn+1(
∑n

i=1 piKi − δ)}

λi ≥ 0, i = 1 . . . n + 1∑n
i=1 piKi − δ ≤ 0,

λipi = 0,−pi ≤ 0, i = 1 . . . n
λn+1(

∑n
i=1 piKi − δ) = 0

4 A definitively contractive operator of IFS type

on C([a, b])

The aim of this section is to show how, changing the family of IFS maps T1,p, one
can weaken the requests on the constraints in P1). To do this, let us consider on
(C([a, b]), d∞) the following modified map T2,p:

T2,pf(x) =

∫ x

a

n∑
i=1

piφi ◦ f ◦ wi(t)dt + c

where φ : R → R are Lipschitzian functions with Lipschitz constants Ki ≥ 0,
wi : [a, b] → [a, b] are continuous, c ∈ R. With these assumptions it is trivial to
prove that T2,p : C([a, b]) → C([a, b]). Before analyzing the contractivity of T2,p let
us to recall the following classical definition.

Definition 4.1. Let (X, d) be a metric space. A function T : X → X is said to be
definitively contractive on X if there exists m ∈ N and a positive constant K < 1
such that:

d(Tmf, Tmg) ≤ Kd(f, g)

where Tmf = T (Tm−1f)) and T 0f = f .
6



It is well known that for definitively contractive operators the following general-
ized version of Banach theorem holds.

Theorem 4.1. Let (X, d) be a complete metric space and T : X → X be a defini-
tively contractive operator on X. Then there exists a unique element f̃ ∈ X such
that 

T f̃ = f̃ ,

lims→+∞ d(T su, f̃) = 0, ∀u ∈ X.

We are ready to prove the following fundamental result.

Theorem 4.2. T2,p : C([a, b]) → C([a, b]) is a definitively contractive map on
C([a, b]).

Proof. With trivial calculations one can deduce that:

|Tm
2,pf(x)− Tm

2,pg(x)| ≤ (x− a)m(
∑n

i=1 piKi)
m

m!
d∞(f, g)

and then:

d∞(Tm
2,pf, Tm

2,pg) ≤ (b− a)m(
∑n

i=1 piKi)
m

m!
d∞(f, g) := Kmd∞(f, g).

Since limm→+∞ Km = 0 then T is a definitively contractive map when m is big
enough.

Remark 4.1. The function T2,pu is differentiable even if u is only continuous.

The inverse problem for the map T2,p can be written by using a result similar to
theorem 3.2.

Theorem 4.3. Let f ∈ C([a, b]) and p ∈ Rn
+. If d∞(T2,pf, f) < ε then ∃K ∈ R+

such that
d∞(f̃p, f) < Kε,

where f̃p is the fixed point of T2,p.

Proof. Since T2,p is a definitively contractive map with Lipschitz constant K1, then
there exists m0 ∈ N such that Tm0

2,p is a contraction with Lipschitz constant K2 < 1

and f̃p is its fixed point. So we have:

d(Tm0
2,p f, f) ≤

m0−1∑
i=0

d(Tm0−i
2,p f, Tm0−i−1

2,p f) ≤
m0−1∑
i=0

Km0−i−1
1 d(T2,pf, f) ≤ Cε.

Now we can apply theorem 3.2 to the function Tm0
2,p , obtaining:

d(f̃p, f) ≤ Cε

1−K2

:= Kε.
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Remark 4.2. If there exists a vector p ∈ Rn
+ such that T2,pf = f then f is a solution

of the following integral equation:

f(x) =

∫ x

a

n∑
i=1

piφi ◦ f ◦ wi(t)dt + f(a).

One can observe that the solution of the previous functional equations has to be
a differentiable function. So, fixed a positive continuous function f , the inverse
problem can be exactly solved only when f is differentiable; in the other cases only
an approximate solution can be given. Furthermore f is a solution of the following
ordinary differential equation:

f ′(x) =
n∑

i=1

piφi ◦ f ◦ wi(x).

Choosing c = f(a), the inverse problem is reduced to the solution of the following
constrained optimization problem:

min
p∈Rn

+

d∞(T2,pf, f) := min
p∈Rn

+

F (p).

Even if the best solution of the previous problem is to find p∗ ∈ Rn
+ such that

F (p∗) = 0 (in fact in this case we should found an operator T which has exactly f
as fixed point), the previuos theorem states that if F (p∗) is small enough then the
map T2,p∗ has a fixed point f̃p∗ near to f . We now analyze some properties of the
function F : Rn

+ → R+.

Theorem 4.4. F : Rn → R+ is convex.

Proof. Choose p1, p2 ∈ Rn and t ∈ [0, 1]. Then:

F (tp1 + (1− t)p2) =

max
x∈[a,b]

∣∣∣∣∣
∫

[a,x]

n∑
i=1

(tp1,i + (1− t)p2,i)φi ◦ f ◦ wi(t)dt + c− f(x)

∣∣∣∣∣ ≤
tF (p1) + (1− t)F (p2).

A necessary and sufficient condition for a p ∈ Rn
+ to be a minimizer of F is shown

in the next result.

Theorem 4.5. p∗ ∈ Rn
+ is a minimizer of F (p) if and only if there exist λi ≥ 0,

i = 1 . . . n such that p∗ is a solution of the following system:
0 ∈ ∂p{F (p)−

∑n
i=1 λipi}

λi ≥ 0, i = 1 . . . n
λipi = 0,−pi ≤ 0, i = 1 . . . n
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5 Convergence of minimizers and applications to

optimality

In this section we will suppose that, given a continuous function f on [a, b] and a
map Tp : C([a, b]) → C([a, b]), we are able to calculate a vector p∗ ∈ Rn

+ such that
F (p∗) = 0, that is Tp∗f = f . We now show a result which can be used to give
optimality conditions on f by using a sequence of approximating functions. In fact
the calculus of minimizers of T nu can be easier and the following result guarantees
the convergence to a minimizer of f .

Theorem 5.1. If xm, m ∈ N, is the sequence of minimizers of Tm
p u, ∀u ∈ C([a, b]),

then there exists a subsequence xmk
, k ∈ N, which converges to x∗ ∈ [a, b] and this

point is a minimizer for f .

Proof. Since Tm
p u : [a, b] → R+ is a continuous function ∀m ∈ N, then there ex-

ists a sequence of minimizers {xm}m∈N. The sequence {xm}m∈N is a subset of the
compact [a, b] and so we can extract a subsequence {xmk

}k∈N which converges to
x∗ ∈ [a, b]. Our thesis is to show that x∗ is an absolute minimizer of f . By using the
uniform convergence of Tm

p u, we have that ∀ε > 0, ∃m0(ε) such that ∀m ≥ m0(ε),
maxx∈[a,b] |Tm

p u(x)−f(x)| < ε. Now if k ≥ k0(ε) then maxx∈[a,b] |Tmk
p u(x)−f(x)| < ε.

In particular, choosing xmk
, we have that |Tmk

p u(xmk
) − f(xmk

)| → 0, k → +∞.
So we have:

|Tmk
p u(xmk

)− f(x∗)| ≤ |Tmk
p u(xmk

)− f(xmk
)|+ |f(xmk

)− f(x∗)| → 0

and
f(x∗) = limk→+∞Tmk

p u(xmk
) ≤ limk→+∞Tmk

p u(x) = f(x).
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