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Abstract

An overview of orderings defined on the space of Markov chains having a
pre-specified distribution as their unique stationary distribution is provided.
The intuition gained by studying these orderings is used to improve existing
Markov chain Monte Carlo algorithms.
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1 Motivation

Suppose we are given a probability distribution 7 on a state space X, with associated
Borel o-algebra B(X), and we are interested in estimating the expectation of some
function f, E,f(X) = pu. The Markov chain Monte Carlo (MCMC) estimate of y is
the ergodic average i, = = >, f(X;) where X;s are dependent samples collected
along the path of a Markov chain that has 7 as its unique stationary (and limiting)
distribution. The Markov chain is identified with its transition kernel (a matrix in
finite state spaces): P(z, A) = Pr(X,, € A|X,—1 = z) where A € B(X).

One of the key observations that motivates this paper is the fact that, given a
distribution 7, there are many Markov chains that are stationary with respect to it
and could therefore be used for MCMC purposes. A choice is thus necessary and
criteria to drive this choice are needed. Orderings defined on the space of Markov
chain that have a specified stationary distribution allow a comparison and can aid
the selection of one chain over another. The second motivation is the fact that often
the intuition behind an ordering leads to the definition of new MCMC algorithms or
to the improvement of existing ones. This twofold motivation drives the structure
of the paper.

In this manuscript I will mainly refer to finite state spaces and reversible transi-
tion matrices and point out when extensions of the results stated are available (up
to my knowledge) in different settings.
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2  Ordering MCMC relative to their performance

The two main criteria to evaluate the performance of a transition matrix used for
MCMC simulations are asymptotic variance (AV) of the resulting estimates and
speed of convergence (SC) to stationarity (typically measured by total variation
distance). In this paper I will mainly focus on AV.

As observed by Besag and Green (1993), the two goals lead to different notions
of optimality, since AV depends on the eigenvalues and SC on the absolute values of
the eigenvalues of the transition matrix. Thus, while the optimal sampler will be dif-
ferent, we could get good performance with respect to both criteria simultaneously.
Still, a suggested practice is to use a sampler with good convergence properties for
the first part of the simulation (until convergence is presumably achieved) and then
switch to a sampler with better properties in terms of AV.

Only if the transition matrix is positive definite that is its eigenvalues are positive,
the two goals of AV and SC are not in conflict. There are a few Markov chains with
positive transition matrices used for MCMC purposes: the independence Metropolis-
Hastings (MH) algorithm (Liu, 1996a), the random scan Gibbs sampler (Liu et al.
1995), and the slice sampler (Mira and Tierney, 2001).

2.1 Orderings relative to the speed of convergence to sta-
tionarity

To justify this criterion as a measure of performance for MCMC purposes consider
the fact that m, the distribution of interest, is both the unique stationary and the
limiting distribution of the Markov chain we choose to simulate. This means that
if we could start our chain by generating an observation from 7 then we are guar-
anteed that the updating mechanism (i.e. the transition matrix P) preserves this
distribution: 7P = 7. But if we could generate i.i.d. observations from 7 we would
do standard Monte Carlo integration instead of MCMC. We thus start our chain
from an arbitrary initial distribution and then rely on the fact that = is also the
limiting distribution. This means that, as the simulation goes on (n — o0), the
distribution of the chain at time n, P"(z,-), becomes closer and closer to 7 in total
variation distance: ||P"(x,-) — «|| — 0 regardless of the starting point z, where
1P (@, ) = 7()[| = supaepx) [P (z, A) — m(A)].

The rate of convergence is governed by the spectral radius, which, in finite state
spaces is the second largest eigenvalue (of the transition matrix) in absolute value
(Besag and Green, 1993 and Roberts, 1996, p. 48). This leads to the definition of
a natural ordering. Let S be the class of Markov chains stationary with respect to
7w and R the subset of the reversible ones. Let o(P) be the spectrum of P: the
set of A’s such that Al — P is not invertible, where I denotes the identity matrix.
The spectrum of a Markov chain transition matrix is a non-empty closed subset of
the interval [—1,+1] and always contains an eigenvalue equal to one associated to
constant functions. For this reason we also define o1 (P) which equals o(P) except
that the eigenvalue associated with constant functions is removed. Notice that the
eigenvalues are real-valued only if the Markov chain is reversible. This is why in the



following definition the class R is considered.

Definition 1 Let P,QQ € R. P dominates @) in the convergence ordering, P »sc @,

if
sup{|A| : A € 01(P)} <sup{|A|: A € 01 (Q)}.

This ordering appears also in Frigessi et al. (1993) where the random scan, single
site update, MH algorithm and Gibbs sampler are compared in terms of SC both in
general and for simulating the Ising model at different temperatures. Besides Frigessi
et al. (1993) there are only a few other papers available in the literature that refer
to the convergence ordering due to the fact that studying the spectral structure
of Markov chains used for practical applications is typically not an easy task. As
a consequence the papers we reference in the sequel only consider special Markov
chains such as the Gibbs sampler, the independence MH and the Slice sampler or
study particular distribution of interest that are easier to analyse such as Gaussian
distributions or the Ising model. We recall the following results. Given any indepen-
dence Metropolis-Hastings sampler it is always possible to construct a slice sampler
that dominates it in the convergence ordering (Mira and Tierney, 2001). Theoretical
results on convergence properties of the independence Metropolis-Hastings sampler
compared to various Monte Carlo algorithm can be found in Liu (1996a). Finally, in
Roberts and Sahu (1997), many different types of Gibbs sampler on Gaussian distri-
butions are compared in terms of SC. The work covers parameterisation, blocking,
random and deterministic scan. The comparisons are partially extended to the
non-Gaussian case via a weak convergence result in Roberts and Sahu (2001). The
relationship in terms of SC between the EM algorithm and the Gibbs sampler is
investigated in Sahu and Roberts (1999). The authors show that the rate of conver-
gence of the Gibbs sampler, obtained by Gaussian approximation, is equal to that
of the corresponding EM type algorithm.

The lack of theoretical results is more than compensated by numerous papers
where different MCMC samplers are compared in terms of speed of convergence to
stationarity via simulation studies.

Different distances could be used to measure how far P"(z,-) is from x(-) such
as the x? distance (Diaconis et al. 2000). Furthermore other form of convergence
could be used to evaluate the performance of a Markov chain for MCMC purposes.
We can, for example, consider convergence of moments or pathwise convergence
(Roberts and Tweedie, 2001). Depending on the focus of our interest different
orderings concerning convergence of MCMC methods can be defined. We do not
pursue this further.

2.2 Orderings relative to the asymptotic variance of the es-
timates

To justify the choice of this criterion consider that, in classical statistics, estimates

are compared in terms of their asymptotic relative efficiency. If a Markov chain

is irreducible and the state space is finite the corresponding MCMC estimates are
strongly consistent and asymptotically normally distributed, therefore efficiency will
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be measured by the asymptotic variance of estimates. Under slightly stronger con-
ditions asymptotic normality and consistency are guaranteed on general state space
as well (Roberts and Tweedie, 2001).

Let v(f, P) be the limit, as n tends to infinity, of nVar,[f,] for a chain updated
using the transition kernel P. Sometimes we run a MCMC simulation having in mind
a specific function of interest whose expectation relative to # we want to estimate.
In other situations we either have a range of functions in mind or we do not have
any specific function and are interested in studying 7 per-se. In the first setting
we will be interested in the choosing a sampler that has good efficiency properties
relative to the specific function of interest. In the second setting we will look for a
chain that is more efficient uniformly over all sensible fs. This distinction leads to
the following definitions:

Definition 2 Let P,QQ € S. P 1is at least as efficient as Q) relative to a particular
function f, P =; Q, if v(f,P)<v(f,Q).

Definition 3 Let L2(r) be the space of all f that have a finite variance with respect
tom. Let P,Q € S. P is at least as uniformly efficient as Q, P =g Q, if v(f, P) <

v(f,Q) for all f € L*(m).

2.2.1 Uniform efficiency

The first ordering of MCMC samplers introduced in the literature refers to uniform
efficiency and is due to Peskun (1973), a student of Hastings.

Definition 4 Let P,QQ € R. P dominates () in the Peskun sense if each of the
off-diagonal elements of P 1is greater than or equal to the corresponding off-diagonal
elements of Q.

Tierney (1998) extends Peskun ordering from finite to general state spaces. These
orderings provide a sufficient condition for uniform efficiency as the following theo-
rem (Peskun, 1973 and Tierney, 1998) states:

Theorem 5 If P dominates () in the Peskun sense then P =g @ and \ip < Aig
for all i where {\op > Mp > ...} are the eigenvalues of P, arranged in decreasing
order.

The above theorem readily extends to general state spaces (Mira and Geyer, 1999)
except that the eigenvalues cannot be ordered anymore (since it does not even make
sense to talk about eigenvalues). What can be ordered are the respective suprema
of the spectra of the operators defined by the transition kernels.

The first use of Peskun ordering appears in Peskun (1973) and states that the
Metropolis-Hastings algorithm dominates a class of competitors reversible with re-
spect to some 7 and all with the same propose/accept updating structure (with
symmetric acceptance probability). An other interesting use of the ordering ap-
pears in Tierney (1998) where the author compares the benefit in terms of uniform
efficiency of two approaches to using mixtures of MH kernels. In Frigessi et al.
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(1992) the optimal transition matrix relative to the Peskun ordering is constructed.
Unfortunately the construction only applies to finite state spaces and requires the
exact knowledge of 7 while, in typical MCMC applications, 7 is know only up to a
normalizing constant (this is one of the strengths of MCMC methods).

Unfortunately there are many Markov chains that are not comparable in the
Peskun sense. To give just one example consider a transition matrix with zeros
along the main diagonal. Since the row sums have to be equal to one Peskun will
never be able to order them. This motivates the introduction, in Mira and Geyer
(1999), of a weaker ordering, the covariance ordering:

Definition 6 Let P,(Q € R. P dominates @ in the covariance sense, P =¢ Q, if
@ — P is a positive definite matrix.

Mira and Geyer (2000) extend this ordering from finite to general state spaces. As
shown in Mira and Geyer (1999), the covariance ordering is equivalent to requiring
that all the lag-one autocovariances are ordered that is

Theorem 7 Let Cou(f,Qf) = E;[f(Xo)f(X1)] be the lag one autocovariance and
L3(m) be the functions of L*(w) with zero mean relative to w. The condition P =¢ Q
is equivalent to Cov,(f,Qf) > Couv,(f, Pf), for all f € Li().

The covariance ordering does not imply the Peskun ordering, but the reverse im-
plication is true. Hence the covariance ordering is a more general (weaker) criterion.
Figure 1 illustrates how the concept of stationarity, reversibility, covariance order
and Peskun order are related.

REVERSIBLE [T STATIONARY

WRT 1

PESKUN
ORDERED

COVARIANCE

ORDERED
Il

UNIFORM

EFFICIENCY
ORDERED

Figure 1: Relationships between MCMC related concepts.

The next theorem (Mira and Geyer, 1999) gives the main reason of interest in
the covariance ordering:

Theorem 8 P is uniformly more efficient than Q if and only if P dominates Q in
the covariance sense.

A necessary and sufficient condition for uniform efficiency in a non-reversible setting
is given in Mira and Geyer (2000). At first sight Theorem 8 may seem a little
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counter intuitive: by imposing a condition on the relative ordering of the lag one
autocovariances we can order the asymptotic variance of 4 which, by definition,
equals the double infinite sum of all lags autocovariances. The fact is that the
condition imposed on the lag one autocovariances is stronger than it seems since it
is required to hold over a big set of functions (namely L3(7)).

2.2.2 Relative efficiency

Suppose now we have a specific function in mind f and, without loss of generality,
assume it is monotone.

Let X be a finite set with N elements. Define the summation matrix 7" to be
an N x N upper triangular matrix with zeros below the main diagonal and ones
elsewhere. Define the south-west sub-matrix of the matrix M to be the sub-matrix
of M obtained deleting the first row and the last column. Let Il be the N x N
diagonal matrix with m; as the i-th element on the diagonal. Indicate by f’ the
transpose of f.

An ordering which refers to relative efficiency appears in Mira (2000):

Definition 9 Let P,Q € S. P dominates ) in the south-west ordering (with respect
to some re-ordering of the state space that makes the function of interest monotone),
P =sw Q, if all the elements of the south-west sub-matriz of TTI(P — Q)T are non-
negative.

This ordering is interesting because of the following theorem (Mira, 2000):

Theorem 10 Let P and @ be two Markov chains having © as their unique station-
ary distribution. Let I,' = (I — P+ A)™" be the inverse Laplacian. If I," =sw 1o’
then P =5 Q.

A positive side of the south-west ordering is that it allows to compare also transition
matrices that are not reversible unlike most of the other orderings introduces so far.
On the other hand a limitation of Theorem 10 is that it requires to work with inverse
Laplacians since computing the inverse can be computationally intensive. A way to
work with the transition matrices directly is to realize that (I + P — A) provides a
first degree approximation to the inverse Laplacian (Peskun, 1973). This realization
leads to the following

Definition 11 Let P,QQ € S. P s at least as first degree efficient as @ for a
particular function f, P >17 Q, if f'II(P —Q)f <0.

A reasoning similar to the one used in the proof of Theorem 10 shows that, if
P =sw Q, then P =1f Q.

3 Improving the efficiency of MCMC samplers

3.1 Improving with respect to absolute efficiency

What can we learn from Peskun ordering? The intuition behind Theorem 5 is clear:
a Markov chains that has smaller probability of remaining in the same position over
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time (i.e. smaller diagonal elements in the transition matrix) explores the state space
more efficiently and thus produces better estimates. This suggests that, in principle,
we could improve the Metropolis-Hastings and the reversible jumps (Green, 1995)
algorithms relative to the Peskun ordering by decreasing the rejection frequency of
proposed moves. This is the intuition used in Liu (1996b) to improve the Gibbs
sampler on discrete state spaces. A more general use of the same intuition appears
in Tierney and Mira (1999) and Green and Mira (1999) where a delaying rejection
mechanism is introduced to improve the MH and the Reversible Jumps algorithms
(respectively) on a sweep by sweep basis.

The delaying rejection strategy works as follows: suppose that, at some point in
time, the chain is at position x. Generate a candidate move y from some proposal
distribution that may depend on the current position of the chain, ¢;(z,-). With
the usual MH probability «(z,y) accept the move. If the move is rejected, instead
of staying put and advancing time which is what Metropolis, Hastings and Green
would tell us to do (but we know this leads to a loss in terms of efficiency of the
resulting MCMC estimates: Peskun told us!) propose a second stage candidate
move z by generating it from a new proposal distribution ¢s(z,y, ) and with some
probability as(x, z) accept the move. If z is also rejected we could either interrupt
the delaying rejection process and remain in the current position (advancing time)
or continue with higher stages proposals. In Tierney and Mira (1999) and Green
and Mira (1999) formulae are provided for second stage acceptance probabilities
that preserve reversibility with respect to 7 separately at each stage of the delaying
process. In Mira (2001) iterative formulae for higher stages acceptance probabilities
are given. Notice that the second (and higher) stage proposal can be different from
the first stage one and is allowed now to depend on the previously rejected candidate.
This means that a form of within steps adaptation of the proposal distribution is
allowed: we can learn from our previous “mistakes” (without loosing the Markovian
property of the resulting sampler).

The delaying rejection strategy certainly reduces the overall probability of re-
maining in the current state and thus leads to improved samplers in the Peskun
ordering. The price paid for this gain is the fact that it takes longer (in terms of
simulation time) for the chain to perform a step (sweep). Thus, whether delaying
rejection is useful in practice, depends on whether the reduction in variance obtained
more than compensates for the additional computational cost. At this regard com-
pare the results reported in Green and Mira (1999) where simulation time is taken
into account. In all the examples reported the gain more than compensates the
price.

3.2 Improving with respect to relative efficiency

Mira, (2000) introduces the idea of stationarity preserving and efficiency increasing
probability mass transfers (S.P.T.) performed on a transition matrix P that has the
proper stationary distribution. These S.P.T. are motivated by Definition 11 and are
performed in the following way: given integers 1 <i < j< Nand 1<k <I<N
and a quantity A > 0, increase p;; and p; ; by h and h; /7, respectively and decrease
pik and p;; by h and and hm;/7; respectively. We note that the knowledge of 7 up
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to a normalizing constant is sufficient to perform S.P.T.

If P is derived from @) via a sequence of S.P.T. then P >gy ). We can thus
increase the efficiency of a transition matrix (provided the first degree approximation
to the asymptotic variance is good), while preserving its stationary distribution, via
S.P.T. Indeed, we can keep moving probability mass around until there exist two
indexes 7 < j such that p;; and p;; > 0 for some £ < .

The limiting transition matrix obtained by applying a sequence of S.P.T., that is
a matrix that cannot be further improved by S.P.T. has at most one non zero element
along the main diagonal and it presents a path of positive entries connecting the
north-east to the south-west corner of the matrix. Which specific pattern is optimal
depends on 7 and f. The intuition behind the structure of the limiting matrix is
the following: when we perform S.P.T. we move mass from the main diagonal (or
along the main diagonal) of the transition matrix to the off-diagonal entries. The
way the probability mass is distributed is such that big jumps between values of f;m;
are favored. In other words we try to induce negative correlation along the chain
path so that the variance of the resulting MCMC estimates will be reduced, possibly
even to values smaller than the variance we would get with i.i.d. sampling from 7.

If f does not assume the same value on any two points of the state space the final
result of a sequence of S.P.T. is unique and corresponds to the matrix that minimises
the linear function fII(P — A)f’ under the set of linear constraints that ensure that
the resulting matrix is stochastic and has the proper stationary distribution (these
constraints defines a convex region thus the minimum is unique). We will refer to
such matrix as to first degree f-optimal matrix, 1-f-opt-matrix in short. Further-
more the 1-f-opt-matrix is reversible with respect to the stationary distribution 7
even if the starting point is only stationary with respect to 7.

As pointed out by Billera and Diaconis (2001), there is an insightful geomet-
rical interpretation of how the Metropolis-Hastings algorithm transforms a generic
stochastic matrix K, the proposal distribution, into a reversible Markov chain (in-
dicated as MH in Figure 2). Along the same lines we can interpret the final result
of a sequence of S.P.T. transfers. In the sequel we will use the same notation and
parametrization of a stochastic matrix used in Billera and Diaconis (2001) and re-
ported in Figure 2. Consider the case of a stationary distribution with 71 < 7o (a
similar picture is obtained if m; > 7y). In Figure 2 we represent the MH transition
matrix obtained starting from a generic proposal K together with the first degree
optimal matrix (1-f-opt) that we would obtain by taking any reversible matrix (i.e.
any matrix on the reversible line of equation b = am /my) and applying a sequence
of S.P.T.

The second largest eigenvalue Ay of a two by two matrix parametrized as in the
figure is A\, = 1 — a — b. Figure 2 thus clearly shows that the first degree optimal
transition matrix has a smaller second largest eigenvalue than the MH matrix.

Finally notice that the first degree optimal matrix has a second largest eigenvalue
smaller than any other matrix reversible with respect to 7. This is an indication of
the optimal performance of the corresponding Markov chain in terms of the conver-
gence ordering. But note that this is an artifact of the fact that we are considering
a state space with only two degrees of freedom. Furthermore the 1-f-opt. matrix



1-f-Opt.
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Figure 2: Geometrical interpretation

is also the optimal matrix with respect to uniform efficiency in this spacial case
because every function in monotone on the state space considered.

4 Conclusions

A criterion that we have not yet mentioned, but that can be of practical use when
choosing a Markov chain for MCMC purposes, is the ease of implementation of
the underlaying stochastic process. Once an algorithm is chosen we have to write
computer code, using our favorite language, to run the simulation. This can be
intensive work mostly due to the debugging process of the code. Thus a non-expert
programmer might choose an easier to implement chain versus one that has slightly
better performance. Regarding this point we note that the extra computational
effort needed to insert a delaying rejection step into an existing MH or reversible
jumps code is minimal.

All the orderings presented (except the convergence and the first degree efficiency
ordering) are partial orderings. This means that they do not allow to compare all
Markov chains that are either reversible or stationary with respect to the specific
distribution of interest. We note that on the space of non-reversible Markov chains
the covariance ordering, which can still be defined, is not a proper ordering anymore
since the antisymmetry property fails to hold.
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