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Abstract

We study the behaviour of the minimal sets of a sequence of convex
sets {A,} converging to a given set A. Under suitable assumptions
involving only the structure of the single sets A,,we obtain the lower
convergence of MinA,, to MinA. In a reflexive Banach space ordered
by a closed convex cone with a weakly compact base, we consider a
sequence of convex sets A,, Mosco-converging to a set A. In the more
general setting of a normed linear space ordered by a closed convex
based cone (without any assumptions on the compactness of the base),
we consider the stronger notion of Attouch-Wets convergence of the
sequence of convex sets { A, }. We compare our theorems with existing
results related to the same topic.

Key Words: Stability, vector optimization, set-convergences, con-
vexity.

1 Introduction

Stability is a widely studied topic in the theory of vector optimization. In this
field the study of the behaviour of minimal sets under perturbations plays an
important rcle. The classical way to deal with stability in vector optiiization
is the study of the continuity properties of the marginal multifunction (see,
e.g., [16], [13] and, among recent works [3]. The approach of our work is
based on the notion of set-convergence: we consider a sequence of perturbed



sets {A,} converging to a given set A and we study the convergence of the
minimal sets MinA,,. The same problem is discussed in [2] and in [11] (see
also the references therein).

The originality of our work lies in the use of convexity assumptions to
establish stability results in the sense of convergence of minimal sets. More-
over we avoid any requirement on the sequence of perturbed sets {4,} as
a whole. In [2] and [11] the results on the convergence of minimal sets are
obtained using some "compactness" or "boundedness" assumption involving
the whole sequence {A,} . We substitute these hypotheses with the require-
ment that every single set A, is convex. Our assumptions seems to be easier
to test. In any case, in the last section, we furnish some examples to prove
that our assumptions do not imply those introduced in the above quoted
papers. The fact that convexity plays an important role in stability theory
in vector optimization is not surprising: also in the scalar case convexity is
deeply related to stability.

The setting of the first result in Section 3 is a reflexive Banach space or-
dered by, a closed and convex cone with a weakly compact base. We consider
a family of convex perturbations {A4,} converging in the sense of Mosco to
a given set A. It is known (see [7]) that the assumptions on the order struc-
ture are restrictive since they are not satisfied by the nonnegative orthants
of the most common infinite dimensional normed vector lattices (e.g., I? and
LP; 1 < p < o0). Moreover we obtain a Kuratowski convergence result on
MinA,, only in the weak topology. In fact this theorem allows us to obtain
a finite dimensional corollary which is original with respect to the existing
literature.

In order to avoid the restrictive environement of the previous section and
to strengthen the convergence in the thesis we require a stronger convergence
of the sequence {4, }to A, the so called Attouch-Wets convergence. First we
can prove the Kuratowski convergence of the minimal sets MinA,, in the set-
ting of normed linear spaces ordered by a closed convex cone endowed with
a base (without any compactness requirement). It is interesting to remark
that in the last case the minimal sets MinA, converge to the set of positive
properly efficient points PosA. By adding an assumption on the topological
structure of the set PosA, we obtain a stronger result: the Attouch-Wets con-
vergence of the sets MinA,, to PosA. Moreover, to obtain an approximation
of every minimal point of A by minima of perturbations, we restrict to the
case where A is a compact and convex set with respect to the ordering cone.

It is not surprising that proper efficiency plays an important role in sta-
bility in vector optimization. This notion was originally introduced in order
to eliminate some "unstable" situations from the solution of a vector opti-
mization problem. In the context of parametric problems in [12] properly
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efficient points are characterized as stable solutions of a family of suitable
scalarizations.

2 Preliminaries

Let X be a normed linear space ordered by a pointed (i.e. KN(—K) = {0})
closed convex cone K. Let X* be the topological dual space of X, we define
the strict polar cone of K

Kt ={¢€ X*: ¢(z) >0 for all K\ {0}}.

A cone K is said to have a base G if G C X is convex, 0 ¢ clG and K =
{Mg: A€ R, g € G}. A based cone is necessarily pointed and convex. If K
is convex and K** is nonempty, then K is based and you can construct a
base as follows:

G={zre X:¢(x)=1}NK.
Given a subset A of Y we define the set

MinA={a€ A: AN(a— K) = {a}},

the elements of the set MinA are called the minimal points of A (with respect
to the order given by the cone K).

The notion of minimality can be restricted to proper minimality, in order
to avoid some indesiderable situations (for a survey on proper minimality in
vector optimization see, e.g., [9]). Among the various definitions of properly
minimal points appeared in the literature we consider the classical definition
of positive proper minimality. We say that ag € A is a positive proper minimal
point of A if there exists some ¢ € K+ such that ¢(a) > ¢(ao), for all a € A.
We denote the set of positive proper minimal points of A by PosA.

Now we recall a property, well known in the theory of vector optimization,
that plays an important role in our work. A subset A of X satisfies the
domination property if, for every a € A, there is ag € MinA such that a €
ap + K (see, e.g., [10]).

The various notions of convergence of a sequence of sets play a central
role in our results ( for a complete overview on this topic see [4]). We recall
that, given a subsequence of subsets {4,} in X, the Kuratowski lower and
upper limits are definied as

LiAd, = {x € X :z = lim z,,x, € A,, for all large n} ,

Is A, = {zeX:x= lim xs,:cseAns,{ns}CN}.
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If a subset A of X satisfies the conditions Ls A, C A C Li A,, we say
that the sequence {A,} converges to A in the sense of Kuratowsk: and we
denote it by A, = A.

When we consider the limits in the weak topology on X rather than in the
original topology induced by the norm, we denote the lower and the upper
limits above by w-Li A, and w-Ls A,,. When w-Ls A, C A C Li A, we say
that {A,} converges to A in the sense of Mosco (A, A A). Tt is easy to
observe that A, 2 A if and only if A, % A both in the original and in the
weak topology. The Mosco convergence is particular appropriate when we
work with closed convex sets in a reflexive Banach space.

The last notion of set-convergence that we recall is the Attouch-Wets
convergence (also known as bounded Hausdorff). To illustrate this notion we
introduce some notations. Let B, be the ball centered at 0 and with radius
p. Given z € X and two nonempty subsets A and B of X, we have

d(z,4) = infllz—all  (dz,2)=c0),
e(A,B) = supd(a,B) (e(8,A) =0 e(2,9)=0, e(A Q)=o00),
ac€A
e,(A,B) = e(ANB,,B) and h,(A, B) =max{e,(A, B),e,(B,A)}.

We say that the sequence {A,} converges to A in the sense of Attouch-
Wets when
lim h,(An, A) =0 forall p>0.

As usual, we can split this notion of convergenge into an upper part (lim, o €,(An, A) =
0) and a lower part (lim, o €,(A, An) =0).

We recall that, if X is a finite-dimensional space, the three quoted notions
of set-convergence coincide.

3 Convergence of minimal sets: Mosco con-
vergence of perturbed sets

We begin to study the role of convexity assumption on the convergence of
minimal sets in the special environment of reflexive Banach spaces.

Theorem 3.1 Let X be a reflexive Banach space, K be a closed cone with
a bounded base and {A,},.x be a sequence of subsets of X. If

1. A, is a closed convex set for every n,

2. A, satisfies the domination property for every n,
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3. A, 5 A
then MinA C w-Li MinA,,.

Proof. If MinA is empty the thesis follows trivially. If MinA # @, we suppose
to the contrary that there exists a € MinA such that a ¢ w-Li MinA,. By
the hypothesis 3. there exists a sequences {a,} such that a, € A, and
lim, a, = a. Since a ¢ w-Li MinA,, we can split the sequence {a,} into two
subsequences {an, } and {a,,}, with {n;};U{nc}; = N, such that a,, € A\
MinA,, and a,, € MinA,,. Now there exists a sequence {b;} such that b; €
MinA,; and a,, — b; € K. We consider two distinct cases.

e The sequence {b;} is a bounded sequence, hence it has a weakly con-
vergent subsequence {b;, } . Since the sequence of sets { A,,} Mosco con-
verges to A we have w-lim, b;, =b € A, thena,,, —b;, ~a—banda—b
€ K because K is weakly closed. Now, recalling that a ¢ w-Li MinA4,,,
we can easily observe that we can always choose {b;,} not converging
to a. Then it is a # b. The last assertion contradicts the minimality of
a.

e The sequence {b;} is unbounded, i.e. ||b;|] — +oo (at least for a subse-
quence). Since b; € a,, — K and lim; a,; = a, we have that there exists
a sequence {¢;} C R* with lim,; £; = 0 such that

b; € a— K + B,
Let
[an,, 0] :=={z € X : 2 =aan, + (1 —a)bh;,0 < a < 1},

then we have [a,,b;] C A, N (a — K + B.,).

Let G be a bounded base for K; then there exists a real positive number
1 such that
0¢cl(G+ B,).

We can choose a sequence of real numbers {c;}, with a; € [0, 1), such
that ¢; = a;a,, + (1 — a;)b; and
c;Ea+ B’I -G.

Indeed it is ajan; + (1 —a;)b; = a+h; — (1 — a;)k;, where k; = a,; —b;
and lim; h; = 0; since {b;} is unbounded, we choose «; such that
(1 — aj)kj €Gq.
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Since cl(a + B, — G) is a closed, bounded and convex set, there exists
a subsequence {c;, } weakly converging to ¢ € cl(a + 7B, — G). It is
¢ # a.

Since ¢,, € Ap, N(a— K + enkBEnk), it is
ceANn(e—K),
against the minimality of a.

It is well known (see e.g. [7]) that in reflexive normed spaces the assump-
tion that the ordering cone K has bounded base is restrictive: for instance,
the nonnegative orthants in [P, 1 < p < oo, have not a bounded base. Never-
theless the following example shows that the previous hypothesis cannot be
relaxed even in a separable Hilbert space.

Example 3.2 Let X = [? endowed with the usual norm and let K be the
nonnegative orthant. Let {e,}, .y be the orthonormal base of X with e, =

(O,...O, lth,O,...> . We consider the sequence of sets {A,} defined as

follows

neEN

A, =[—-ne,,0].

We observe that A, M {0} but MinA,, = {—ne,} and w-Li MinA,, = 0 while
A = MinA = {0} .

In the finite dimensional setting, the requirement that the ordering cone
has a bounded base is not restrictive: a closed convex pointed cone has always
a bounded base.

In this environement, since weak and strong convergence coincide, we
obtain a stronger result on the convergence of minimal frontiers.

Corollary 3.3 Let X be an euclidean space and let K be a closed convex
pointed cone. If

1. A, s a closed convex set for every n,
2. A, satisfies the domination property for every n,
3. A, 5 A,

then MinA C Li MinA,,.



4 Convergence of minimal sets: Attouch-Wets
convergence of perturbed sets

In Theorem 3.1 the thesis gives informations involving only the weak topol-
ogy. In order to obtain meaningful results, in the sense of strong convergence
or of quantitative metric estimations, we have to make different assumptions
on the convergence of the perturbed sets A,. Moreover, using a stronger
notion of set convergence we can establish our results in a more general
framework: X is a normed linear space and K is a closed convex cone such
that K** # @. We remark that the last assumption on the ordering cone
K is not unduly restrictive, see [7]. Finally we emphasize the fact that we
obtain the convergence of MinA,, to the positive properly efficient frontiers
of the set A.

The following lemma will be useful in the next theorem. We recall that,
given two subsets E and F of X, the gap fuctional D is defined as follows:

DIBF) = feplle = JI=lgpdle, B) = L d(1. B)

Lemma 4.1 Let X be a normed linear space, K be a closed convex cone with
K*" # &. Then for any ¢ € K** the half-space H* := {z € X : ¢(x) > 0}
satisfies , for every § > 0, the relation

D((-K\Bs),H") >0,
where D 1is the gap functional.

Proof. Let G = {z € X : ¢(z) =1} N K be a base for K (see [7]). Then
there exists a positive real number € such that

—-G+B:CH ={ze€X:¢(z)<0}.

To the contrary, suppose that for any real number € > 0 it is —-G+B.NH* #
0. Then a sequence {z,} exists such that z,, € —G+ B,, NH* ,where ¢,, — 0.
The last relation implies that ¢(z,) — —1 and liminf ¢(z,) > O,that is
absurd. Let us consider the cone K; = cl(cone (—G + B;)) . Since K; is a
closed and pointed cone (see e.g. [5]), it is K\ {0} C H~and —K\ {0} C int
K:. The thesis immediately follows. =

Theorem 4.2 Let X be a normed linear space, K be a closed convex cone

with K** # @& and let {An},, .y be a sequence of subsets of X. If

1. A, s a closed convex set for every n,
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2. A, satisfies the domination property for every n,
3. A, 4,
then PosA C Li MinA,,.

Proof. If PosA is empty the theorem is trivial. If PosA # § we prove the
thesis by contradiction. Let a € PosA such that a ¢ Li MinA,,.

Without loss of generality, let a = 0. Since the lower part of Attouch-
Wets convergence implies the lower Kuratowski convergence there exists a
sequence {a,} such that a, € A, and a, — 0. Since 0 ¢ Li MinA, we
can split the sequence {a,} into two subsequences {a.,} and {a.,}, with
{n;}, U {ns}, = N, such that a,, € A,;\ MinA,;.and a,, € MinA,,. Now,
by 2, there exists a sequence {b;} such that b; € MinA,, and b; € a,, — K.
By 1, it is, for any j € N,

[an,,bj} C An, N (an, — K),

where [an;,b;] = {r € X : 2 = aa,, + (1 — a)bj,a € [0,1]}.
Now, recalling that a,, — 0 and using the upper part of the Attouch-Wets
convergence, for any n € N and for any p > 0, we have

[a"j’bj] NB,C (A + Bnn) N (nann - K) ) (1)

where {nj} is a sequence of real numbers such that n; — 0.
Since 0 € PosA, there exists ¢ € K** such that

ACHY={z€ X: ¢(z)>0}.

Then from Lemma 4.1, it follows that D ((—K\Bs),A) > 0.This inequality
implies that for every § > 0 there exists n, such that for every n > n,, it is

(A+n,B,,) N (n,By,, — K) C Bs. (2)

Since a ¢ Li MinA,, the sequence {b;} has a subsequence not converging to
a. Then we obtain a contradiction (against 1 and 2). =

Remark 4.3 The convergence of the sequence of sets {A,} effectively used
in the proof of the previous theorem is weaker than the Attouch- Wets conver-
gence. We need only the upper part of Attouch-Wets convergence while for
the lower part Kuratowski convergence is enough. This type of convergence
is known in the literature as b-prorimal convergence (see, e.g., [15]).
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If we add a compactness assumption involving only the minimal set of A
we obtain a stronger convergence of MinA, to the minimal set of A.

Theorew 4.4 Let X be a norined linear space, K be a closed convex cone

with K** # @ and let {An}, oy be a sequence of subsets of X. If

1. A, is a closed convex set for every n,

2. A, satisfies the domination property for every n,
3. A, 4,

4. PosAN B, is a compact set,

then for each p > 0, lim,_. €, (PosA, MinA,) = 0.

Proof. If PosA is empty the theorem is trivial. If PosA # 0, let us suppose
that the thesis of the theorem does not hold. Then there exist p > 0, € > 0
and a subsequence {4}, .y of {A4,}, such that

e,(PosA, MinA}) > 2¢

for every k. This fact implies that, for every k, there exists my € PosAN B,
such that

d(my, MinA}) > 2e.

Since PosAN B, is compact we can extract a convergent subsequence {mk].}
from {m;} .Clearly my, — a € PosA. Without loss of generality we can
consider a = 0. Since the lower part of Attouch-Wets convergence implies the

. . k
lower Kuratowski convergence there exists, for every k, a sequence {ag )}
seN

such that o' € A’ and a{® — m,. Now we consider the sequence {ag;j )} .
je
Clearly this sequence satisfies the following properties

° ag;j) 5 O,

o d(my,;,MinA; ) > € at least definitively

Now we can follow the line of the proof of the previous theorem in order
to reach a contradiction. m

A well known theorem by Arrow, Barankin and Blackwell (1953) estab-
lished the density of the set PosA in MinA,whenever A is a compact convex
set of R". Many generalizations of this result appeared in the literature (for a
survey on this topic, see [6]). In order to obtain convergence to the set MinA,



instead of PosA, we use a recent extension of these results appeared in [17]:
in a Banach space ordered by a normal closed convex cone with a base the
set of positive minimal points is dense in MinA,whenever A is a K-convex
and K-compact set. We recall that a set A is K-compact when any cover of
A of the form {U, : a € I, U, are open} admits a finite subcover (see [10}).
The requirement that A is K-convex is satisfied because A is convex since it
is the limit of a sequence of convex sets A, (see [1], ch. 3).

Of course, it possible to derive similar results with slightly different as-
sumptions, by using other generalizations of Arrow-Barankin-Blackwell the-
orem.

Corollary 4.5 Let X be a Banach space, K be a normal closed convex cone
with K** # @& and let {An}, .y be a sequence of subsets of X. If

1. A, is a closed convex set for every n,

2. A, satisfies the domination property for every n,
3. AW A,

4. A is a K-compact and set,

then MinA C Li MinA,,.

Corollary 4.6 Let X be a Banach space, K be a normal closed convez cone
with K** # @ and let {A,},on be a sequence of subsets of X. If

1. A, is a closed convezx set for every n,

2. A, satisfies the domination property for every n,
3. A, 4,

4. PosAN B, is a compact set,

5. A is a K-compact and set,

then for each p > 0, lim,_,. €, (Min4, MinA4,) = 0.

The proofs ot these corollaries follows easily recalling that the lower con-
vergence (in the sense of Kuratowski or Attouch-Wets) to a set A is equivalent
to the lower convergence to the closure of A.
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5 Comparison with the existing results

Among the results on the stability of minimal sets we focus on those that can
be formulated in terms of the lower part of some notion of set convergence. In
this section we present some existing theorems, in order to make a comparison
with our results. We state these results as in [11].

Theorem 5.1 ([13], [8]) Let X be a normed space and K be a closed convex
cone. Assume that the following conditions hold

1. A5 4,
2. A, satisfies the domination property for every n,

3. if a, € A, is such that lim a, ezxists and e, € MinA, N (a, — K),

n—-4o00

then admits a convergent subsequence,
then MinA C Li MinA4,,.
If we consider a Banach spaces we have the following results.
Theorem 5.2 (/2]) Let X be a Banach space, K is such that
~Kc{zeX:l(z)+e|z|| <0}

for some l € X*,e >0 and let {A,}, .y be a sequence of subsets of X. If

1 4.5 4,
2. infpeninfieq, l{x) > —00,

3. for every p > 0, there exists a compact subset C, C X, such that, for
every n € N, Min4, N B, C C,,

then MinA C Li MinA,,.

The original version of this theorem gives also an existence condition
for the minimal point under the same hypothesis. We underline that the
assumptions made about the ordering cone K imply that K has a bounded
base. In fact, we recall that every subset of a real normed space with the

form
{reX:l(z)+e|z| <0}
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where [ € X* and ¢ > 0, is a pointed closed convex cone with a bounded
base (if it is not trivial) that is called Bishop-Phelps cone, see [14]. In a
reflexive Banach space the compactess assumption 3. can be dropped using
Mosco convergence of {A,} to A, instead of Kuratowski convergence (see [2],
Theorem 3.5). We recall also that in this setting the boundedness of the base
implies its weak compactness.

Theorem 5.3 ([2/) Let X be a reflexive Banach space, K be a closed convex
cone such that

—Kc{zeX:l(z)+elz| <0}
for some l € X*,e > 0 and let {A,}, oy be a sequence of subsets of X. If
1. A, 2 4,
2. infneN infzeAn l(:l)) > —OO,
then MinA C Li MinA,,.

The last result that we quote gives a stronger convergence of minimal sets,
i.e. it provides some conditions to assure the Attouch-Wets convergence of
minimal sets of A, to MinA.

Theorem 5.4 ([11]) Assume that the following conditions hold

1. A5 4,
2. A, satisfies the domination property for every n,

3. if a, € A, 1is such that lim a, ezists and e, € Min4, N (a, — K),

n—+oo
then admits a convergent subsequence,

4. for every p > 0, MinA N B, is relatively compact.
Then for each p > 0, lim,, o €, (MinA4, Min4,) = 0.

We recall that in theorems 5.1 and 5.4 the authors take into account also
perturbations of the ordering cone. We just consider the case of a constant
cone K, for the sake of easier comparisons with our results.

The hypotheses used in the present work have a completely different na-
ture. The results quoted above is based on some "compactness" requirement
of the entire sequence {A4,} (Hypotesis 3. in Theorem 5.1, 3. in theorem
5.2 or 3. in Theorem 5.4) and also in Theorem 5.3, where there is not a
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compactness assumption, the bounddedness condition 2. concerns the whole
sequence {A,}. We avoid any requirement involving the family {A,}, .y as a
whole by the use of a convexity assumption on each set A,,. We show by some
examples that, even in a euclidean space, the two approaches are distinct.

The following example proves that, even in R™, our assumptions do not
imply the compactness assumption 3 of theorem 5.1 and 5.4.

Example 5.5 Let X = R? and K = R%. Let
o= {(z120) € B2 = 1222 )

A, is a closed conver set that satisfies the dominance property, for every
n. Itis An S5 A = {(z1,z2) € R?: z; = 0} (hence A, A A). We can see
that condition 3. in 5.1 does not hold. As a matter of fact we consider the
sequence {a,} = {(=1/n,0)}. It islim,_, o« a, = (0,0) and the only sequence
{en} such that e, € MinA, N(a, — K) is the sequence {(—1/n,—n)} that has
not any convergent subsequence.

The following example shows that our assumptions do not imply the
boundedness condition 2 of 5.2 and 5.3.

Example 5.6 Let X =R? and K =R2. Let
An = {(21,22) €R®: 3 = (=14 1/n)z1 } .

A, is a closed conver set that satisfies the dominance property, for every n.It
5 A, K A= {(z1,72) € R?: 29 = —1,}. It can be easily verifies that

inf inf /(z) = —o0
neNz€A,

for every linear functional l.
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