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Abstract

We consider the constrained vector optimization problemminC f(x), g(x) ∈ −K, wheref :
Rn → Rm andg : Rn → Rp areC1,1 functions, andC ⊂ Rm andK ⊂ Rp are closed convex
cones with nonempty interiors. Two type of solutions are important for our consideration, namely
w-minimizers (weakly efficient points) andi-minimizers (isolated minimizers). We formulate and
prove in terms of the Dini directional derivative second-order necessary conditions a pointx0 to
be aw-minimizer and second-order sufficient conditionsx0 to be ai-minimizer of order two. We
discuss the possible reversal of the sufficient conditions under suitable constraint qualifications of
Kuhn-Tucker type. The obtained results improve the ones in Liu, Neittaanmäki, Křı́řek [20].
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Duality.
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1 Introduction

In this paper we deal with the constrained vector optimization problem

minC f(x) , g(x) ∈ −K , (1)

wheref : Rn → Rm andg : Rn → Rp are given functions, andC ⊂ Rm andK ⊂ Rp are closed convex
cones with nonempty interiors. Heren, m andp are positive integers. In the case whenf andg areC1,1

functions we derive second-order optimality conditions a pointx0 to be a solution of this problem. The
paper is thought as a continuation of the investigation initiated by the authors in [7], where first-order
conditions are derived in the case whenf andg areC0,1 functions. Recall that a function is said to
beCk,0 if it is k-times Fŕechet differentiable with locally Lipschitzk-th derivative. TheC0,1 functions
are the locally Lipschitz functions. TheC1,1 functions have been introduced in Hiriart-Urruty, Strodiot,
Hien Nguen [13] and since then have found various application in optimization. In particular second-
order conditions forC1,1 scalar problems are studied in [13, 5, 16, 25, 26]. Second-order optimality
conditions in vector optimization are investigated in [1, 4, 15, 21, 24], and what concernsC1,1 vector
optimization in [9, 10, 18, 19, 20]. The given in the present paper approach and results generalize that of
[20].

The assumption thatf andg are defined on the whole spaceRn is taken for convenience. Since we deal
only with local solutions of problem (1), evidently our results generalize straightforward for functionsf
andg being defined on an open subset ofRn. Usually the solutions of (1) are called points of efficiency.
We prefer, like in the scalar optimization, to call them minimizers. In Section 2 we define different type
of minimizers. Among them in our considerations an important role play thew-minimizers (weakly
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efficient points) and thei-minimizers (isolated minimizers). When we say first or second-order condi-
tions we mean as usually conditions expressed in suitable first or second-order derivatives of the given
functions. Here we deal with the Dini directional derivatives. In Section 3 first-order Dini derivative is
defined and after [7] first-order optimality conditions forC0,1 functions are recalled. In Section 4 we
define second-order Dini derivative and formulate and prove second-order optimality conditions forC1,1

functions. We note that our results improve the ones obtained in Liu, Neittaanmäki, Křı́řek [20]. In
Section 5 we discuss the possibility to revert the obtained sufficient conditions under suitable constraint
qualifications.

2 Preliminaries

For the norm and the dual parity in the considered finite-dimensional spaces we write‖ · ‖ and〈·, ·〉.
From the context it should be clear to exactly which spaces these notations are applied.

For the coneM ⊂ Rk its positive polar coneM ′ is defined byM ′ = {ζ ∈ Rk | 〈ζ, φ〉 ≥ 0 for all φ ∈
M}. The coneM ′ is closed and convex. It is known thatM ′′ := (M ′)′ = cl coM , see Rockafellar
[23, Theorem 14.1, page 121]. In particular for the closed convex coneM we haveM ′ = {ζ ∈ Rk |
〈ζ, φ〉 ≥ 0 for all φ ∈ M} andM = M ′′ = {φ ∈ Rk | 〈ζ, φ〉 ≥ 0 for all ζ ∈ M ′}.
If φ ∈ −cl conv M , then〈ζ, φ〉 ≤ 0 for all ζ ∈ M ′. We setM ′[φ] = {ζ ∈ M ′ | 〈ζ, φ〉 = 0}. Then
M ′[φ] is a closed convex cone andM ′[φ] ⊂ M ′. Consequently its positive polar coneM [φ] = (M ′[φ])′

is a closed convex cone,M ⊂ M [φ] and its positive polar cone satisfies(M [φ])′ = M ′[φ]. In this paper
we apply this notation forM = K andφ = g(x0). Then we deal with the conesK ′[g(x0)] (we call this
cone the index set of problem (1) atx0) andK[g(x0)].
For the closed convex coneM ′ we apply in the sequel the notationΓM ′ = {ζ ∈ M ′ | ‖ζ‖ = 1}. The
setsΓM ′ is compact, since it is closed and bounded.

Now we recall the concept of the so called oriented distance from a point to a set, being applied to give a
scalar characterization of some type of solutions of vector optimization problems. Given a setA ⊂ Rk,
then the distance fromy ∈ Rk to A is d(y, A) = inf{‖a − y‖ | a ∈ A}. The oriented distance fromy
to A is defined byD(y, A) = d(y, A) − d(y, Rk \ A). The functionD is introduced in Hiriart-Urruty
[11, 12] and since then many authors show its usefulness in optimization. Ginchev, Hoffmann [8] apply
the oriented distance to study approximation of set-valued functions by single-valued ones and in case
of a convex setA show the representationD(y, A) = sup‖ξ‖=1 (〈ξ, y〉 − supa∈A〈ξ, a〉) (this formula
resembles [23] the conjugate of the support function ofA). From here, whenA = −C andC is a closed
convex cone, taking into account

sup
a∈−C

〈ξ, a〉 =
{

0 , ξ ∈ C ′,
+∞ , ξ /∈ C ′,

we get easilyD(y,−C) = sup‖ξ‖=1, ξ∈C′〈ξ, y〉 .
In terms of the distance function we have

K[g(x0)] = {w ∈ Rp | lim sup
t→0+

1
t

d(g(x0) + tw,−C) = 0} ,

that isK[g(x0)] is the contingent cone [3] ofK atg(x0).
We call the solutions of problem (1) minimizers. The solutions are understood in a local sense. In any
case a solution is a feasible pointx0, that is a point satisfying the constraintx0 ∈ −K.

The feasible pointx0 is said to be aw-minimizer (weakly efficient point) for (1) if there exists a neigh-
bourhoodU of x0, such thatf(x) /∈ f(x0) − intC for all x ∈ U ∩ g−1(−K). The feasible pointx0

is said to be ae-minimizer (efficient point) for (1) if there exists a neighbourhoodU of x0, such that
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f(x) /∈ f(x0)− (C \ {0} for all x ∈ U ∩ g−1(−K). We say that the feasible pointx0 is as-minimizer
(strong minimizer) for (1) if there exists a neighbourhoodU of x0, such thatf(x) /∈ f(x0) − C for all
x ∈ (U \ {x0}) ∩ g−1(−K).
In [7] through the oriented distance the following characterization is derived. The feasible pointx0 is a
w-minimizer (s-minimizer) for the vector problem (1) if and only ifx0 is a minimizer (strong minimizer)
for the scalar problem

min D(f(x)− f(x0),−C) , g(x) ∈ −K . (2)

Here we have an example of a scalarization of the vector optimization problem. By scalarization we
mean a reduction of the vector problem to an equivalent scalar optimization problem.

We introduce another concept of optimality. We say that the feasible pointx0 is ai-minimizer (isolated
minimizer) of orderk, k > 0, for (1) if there exists a neighbourhoodU of x0 and a constantA > 0 such
thatD(f(x)− f(x0),−C) ≥ A ‖x− x0‖k for x ∈ U ∩ g−1(−K).
In spite that the notion of isolated minimizer is defined through the norms, the following reasoning shows
that in fact it is norm-independent. From the nonnegativeness of the right-hand side the definition of the
i-minimizer of orderk equivalently can be given by the inequalityd(f(x)− f(x0),−C) ≥ A ‖x−x0‖k

for x ∈ U ∩ g−1(−K). Assume that another pair of norms in the original and image space denoted‖ · ‖
is introduced. As it is known any two norms in a finite dimensional space over the reals are equivalent.
Therefore there exist positive constantsα1, α2, β1, β2, such that

α1‖x‖ ≤ ‖x‖1 ≤ α2‖x‖ for all x ∈ X := Rn ,

β1‖y‖ ≤ ‖y‖1 ≤ β2‖y‖ for all y ∈ Y := Rm .

Denote byd1 the distance associated to the norm‖ · ‖1. ForA ⊂ Y we have

d1(y, A) = sup{‖y − a‖ | a ∈ A} ≥ sup{β1‖y − a‖ | a ∈ A} = β1d(y, A) ,

whence
d1(f(x)− f(x0),−C) ≥ β1d(f(x)− f(x0),−C)

≥ β1A ‖x− x0‖k ≥ β1A

αk
2

‖x− x0‖k
1 for x ∈ U ∩ g−1(−K) .

Therefore, ifx0 is a i-minimizer of orderk for (1) with respect to the pair of norms‖ · ‖, it is also a
i-minimizer with respect to the pair of norms‖ · ‖1, only the constantA should be changed to(β1A)/αk

2 .
Obviously, eachi-minimizer is as-minimizer. Further eachs-minimizer is ae-minimizer and each
e-minimizer is aw-minimizer (claiming this we assume thatC 6= Rm).

The concept of an isolated minimizer for scalar problems is introduced in Auslender [2]. For vector
problems it has been extended in Ginchev [6], Ginchev, Guerraggio, Rocca [7], and under the name of
strict minimizers in Jiḿenez [14] and Jiḿenez, Novo [15]. We prefer the name “isolated minimizer”
given originally by A. Auslender.

3 First-order conditions

In this section after [7] we recall optimality conditions for problem (1) withC0,1 data in terms of the
first-order Dini directional derivative. The proofs can be found in [7].

Given aC0,1 function Φ : Rn → Rk, we define the Dini directional derivativeΦ′u(x0) of Φ at x0 in
directionu ∈ Rn as the set of the cluster points of(1/t)(Φ(x0 + tu)− Φ(x0)) ast → 0+, that is as the
upper limit

Φ′u(x0) = Limsup
t → 0+

1
t

(
Φ(x0 + tu)− Φ(x0)

)
.
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If Φ is Fŕechet differentiable atx0 then the Dini derivative is a singleton, coincides with the usual direc-
tional derivative and can be expressed in terms of the Fréchet derivativeΦ′(x0) by Φ′u(x0) = Φ′(x0)u .
In connection with problem (1) we deal with the Dini derivative of the functionΦ : Rn → Rm+p,
Φ(x) = (f(x), g(x)). Then we use the notationΦ′u(x0) = (f(x0), g(x0))′u. If at least one of the deriva-
tivesf ′u(x0) andg′u(x0) is a singleton, then(f(x0), g(x0))′u = (f ′u(x0), g′u(x0)). Let us turn attention
that always(f(x0), g(x0))′u ⊂ f ′u(x0)× g′u(x0), but in general these two sets do not coincide.

The following constraint qualification appears in the Sufficient Conditions part of Theorem 1.

Q0,1(x0) :
If g(x0) ∈ −K and

1
tk

(
g(x0 + tku

0)− g(x0)
)
→ z0 ∈ −K(x0)

then∃uk → u0 : ∃ k0 ∈ N : ∀ k > k0 : g(x0 + tku
k) ∈ −K .

The constraint qualificationQ0,1(x0) is of Kuhn-Tucker type. In 1951 Kuhn, Tucker [17] published the
classical variant for differentiable functions and since then it is often cited in optimization theory.

Theorem 1 (First-order conditions) Consider problem (1) withf , g beingC0,1 functions andC and
K closed convex cones.

(Necessary Conditions)Let x0 be w-minimizer of problem (1). Then for eachu ∈ S the following
condition is satisfied:

N′
0,1 :

∀(y0, z0) ∈ (f(x0), g(x0))′u : ∃(ξ0, η0) ∈ C ′ ×K ′ :
(ξ0, η0) 6= (0, 0), 〈η0, g(x0)〉 = 0 and 〈ξ0, y0〉+ 〈η0, z0〉 ≥ 0 .

(Sufficient Conditions) Let x0 ∈ Rn and suppose that for eachu ∈ S the following condition is
satisfied:

S′0,1 :
∀(y0, z0) ∈ (f(x0), g(x0))′u : ∃(ξ0, η0) ∈ C ′ ×K ′ :

(ξ0, η0) 6= (0, 0), 〈η0, g(x0)〉 = 0 and 〈ξ0, y0〉+ 〈η0, z0〉 > 0 .

Thenx0 is a i-minimizer of order one for problem (1).

Conversely, ifx0 is a i-minimizer of order one for problem (1) and the constraint qualificationQ0,1(x0)
holds, then conditionS′0,1 is satisfied.

If g is Fŕechet differentiable atx0, then instead of constraint qualificationQ0,1(x0) we may consider the
constraint qualificationQ1(x0) given below.

Q1(x0) :
If g(x0) ∈ −K andg′(x0)u0 = z0 ∈ −K(x0) then

there existsδ > 0 and a differentiable injective function
ϕ : [0, δ] → −K such thatϕ(0) = x0 andϕ′(0) = g′(x0)u0 .

In the case of a polyhedral coneK in Q1(x0) the requirementϕ : [0, δ] → −K can be replaced by
ϕ : [0, δ] → −K(x0). This condition coincides with the classical Kuhn-Tucker constraint qualification
(compare with Mangasarian [22, p. 102]).
The next theorem is a reformulation of Theorem 1 forC1 problems, that is problems withf andg being
C1 functions.

Theorem 2 Consider problem (1) withf , g beingC1 functions andC andK closed convex cones.

(Necessary Conditions)Let x0 be w-minimizer of problem (1). Then for eachu ∈ S the following
condition is satisfied:

N′
1 :

∃(ξ0, η0) ∈ C ′ ×K ′ \ {(0, 0)} :
〈η0, g(x0)〉 = 0 and 〈ξ0, f ′(x0)u〉+ 〈η0, g′(x0)u〉 ≥ 0 .

(Sufficient Conditions)Letx0 ∈ Rn.

Suppose that for eachu ∈ S the following condition is satisfied:
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S′1 :
∃(ξ0, η0) ∈ C ′ ×K ′ \ {(0, 0)} :

〈η0, g(x0)〉 = 0 and 〈ξ0, f ′(x0)u〉+ 〈η0, g′(x0)u〉 > 0 .

Thenx0 is a i-minimizer of first order for problem (1).

Conversely, ifx0 is ai-minimizer of first order for problem (1) and let the constraint qualificationQ1(x0)
have place, then conditionS′1 is satisfied.

The pairs of vectors(ξ0, η0) are usually referred to as the Lagrange multipliers. Here we have different
Lagrange multipliers to differentu ∈ S (and different(y0, z0) ∈ (f(x0), g(x0))′u). The natural question
arises, whether a common pair(ξ0, η0) can be chosen to all directions. The next example shows that the
answer is negative even forC1 problems.

Example 1 Let f : R2 → R2, f(x1, x2) = (x1, x2
1 + x2

2), andg : R2 → R2, f(x1, x2) = (x1, x2).
DefineC = {y ∈ (y1, y2) ∈ R2 | y2 = 0}, K = R2. Thenf and g are C1 functions and the point
x0 = (0, 0) is a w-minimizer of problem (1) (in factx0 is also ai-minimizer of order two, but not a
i-minimizer of order one). At the same time the only pair(ξ0, η0) ∈ C ′ ×K ′ for which〈ξ0, f ′(x0)u〉+
〈η0, g′(x0)u〉 ≥ 0 for all u ∈ S is ξ0 = (0, 0) andη0 = (0, 0).

Theorem below 3 guarantees, that in the case of cones with nonempty interiors a nonzero pair(ξ0, η0)
exists, which satisfies the Necessary Conditions of Theorem 1 and which is common for all directions.
This is the reason why the second-order conditions in the next section are derived under the assumption
of C andK closed convex cones with nonempty interior.

Theorem 3 (Necessary Conditions)Consider problem (1) withf , g beingC1 functions andC andK
closed convex cones with nonempty interiors. Letx0 bew-minimizer of problem (1). Then there exists a
pair (ξ0, η0) ∈ C ′ × K ′ \ {(0, 0)} such that〈η0, g(x0)〉 = 0 and〈ξ0, f ′(x0)u〉 + 〈η0, g′(x0)u〉 = 0
for all u ∈ Rn. The latter equality could be written also as〈ξ0, f ′(x0)〉+ 〈η0, g′(x0)〉 = 0.

4 Second-order conditions

In this section we derive optimality conditions for problem (1) withC1,1 data in terms of the second-order
Dini directional derivative.

Given aC1,1 functionΦ : Rn → Rk, we define the second-order Dini directional derivativeΦ′′u(x0) of
Φ atx0 in directionu ∈ Rn as the set of the cluster points of(1/t2)(Φ(x0 + tu)−Φ(x0)−Φ′(x0)u) as
t → 0+, that is as the upper limit

Φ′′u(x0) = Limsup
t → 0+

2
t2

(
Φ(x0 + tu)− Φ(x0)− t Φ′(x0)u

)
.

If Φ is twice Fŕechet differentiable atx0 then the Dini derivative is a singleton and can be expressed
in terms of the HessianΦ′′u(x0) = Φ′′(x0)(u, u). In connection with problem (1) we deal with the
Dini derivative of the functionΦ : Rn → Rm+p, Φ(x) = (f(x), g(x)). Then we use the notation
Φ′′u(x0) = (f(x0), g(x0))′′u. Let us turn attention that always(f(x0), g(x0))′′u ⊂ f ′′u (x0) × g′′u(x0), but
in general these two sets do not coincide.
We need the following lemma.

Lemma 1 Let Φ : Rn → Rk be a C1,1 function andΦ′ be Lipschitz with constantL on the ball
{x | ‖x − x0‖ ≤ r}, wherex0 ∈ Rn andr > 0. Then, foru, v ∈ Rm and0 < t < r/ max(‖u‖, ‖v‖)
we have ∥∥∥∥ 2

t2
(
Φ(x0 + tv)− Φ(x0)− tΦ′(x0)v

)
− 2

t2
(
Φ(x0 + tu)− Φ(x0)− tΦ′(x0)u

)∥∥∥∥
5



≤ L (‖u‖+ ‖v‖) ‖v − u‖ .

In particular, for v = 0 we get∥∥∥∥ 2
t2

(
Φ(x0 + tu)− Φ(x0)− tΦ′(x0)u

)∥∥∥∥ ≤ L ‖u‖2 .

Proof. For0 < t < r/ max(‖u‖, ‖v‖) we have∥∥∥∥ 2
t2

(
Φ(x0 + tv)− Φ(x0)− tΦ′(x0)v

)
− 2

t2
(
Φ(x0 + tu)− Φ(x0)− tΦ′(x0)u

)∥∥∥∥
=

2
t2

∥∥(
Φ(x0 + tv)− Φ(x0 + tu)

)
− tΦ′(x0)(v − u)

∥∥
=

2
t

∥∥∥∥∫ 1

0

(
Φ′(x0 + tu + st(v − u))− Φ′(x0)

)
(v − u) ds

∥∥∥∥
≤ 2L

∫ 1

0
‖(1− s)u + sv‖ ds ‖v − u‖

≤ 2L

∫ 1

0
((1− s)‖u‖+ s‖v‖) ds ‖v − u‖ = L (‖u‖+ ‖v‖) ‖v − u‖ .

2

The next theorem states second-order necessary conditions in primal form, that is in terms of directional
derivatives.

Theorem 4 (Second-order necessary conditions, Primal form)Consider problem (1) withf , g being
C1,1 functions, andC and K closed convex cones. Letx0 be aw-minimizer for (1). Then for each
u ∈ Rn the following two conditions hold.

N′
p : (f ′(x0)u, g′(x0)u) /∈ −(int C × intK[g(x0)]) ,

N′′
p : if (f ′(x0)u, g′(x0)u) ∈ −(C ×K[g(x0)] \ intC × intK[g(x0)])

and(y0, z0) ∈ (f(x0), g(x0))′′u then it holds
conv {(y0, z0), im (f ′(x0), g′(x0))} ∩ (−(int C ×K[g(x0)])) = ∅ .

Proof. Condition N′
p. Assume in the contrary, that

f ′(x0)u = lim
t→0+

1
t

(
f(x0 + tu)− f(x0)

)
∈ −intC and (3)

g′(x0)u = lim
t→0+

1
t

(
g(x0 + tu)− g(x0)

)
∈ −intK[g(x0)] . (4)

We show first that there existsδ > 0 such thatx0 + tu is feasible for0 < t < δ. For each̄η ∈ ΓK′ there
existsδη̄ and a neighbourhoodV (η̄) of η̄ such that〈η, g(x0 + tu)〉 < 0 for η ∈ V (η̄). To show this we
consider the two possibilities. If̄η ∈ ΓK[g(x0)]′ the claim follows from

1
t
〈η̄, g(x0 + tu)〉 = 〈η̄,

1
t

(
g(x0 + tu)− g(x0)

)
〉 → 〈η̄, z0〉 < 0 .

For η̄ ∈ ΓK′\ΓK[g(x0)]′ we have〈η̄, g(x0)〉, whence from the continuity ofg we get〈η, g(x0 + tu)〉 < 0
for (η, t) sufficiently close to(η̄, 0). From the compactness ofΓK′ it holdsΓK′ ⊂ V (η̄1)∪ . . .∪ V (η̄k).
Then〈η, g(x0 + tu)〉 < 0 holds for allη ∈ ΓK′ with 0 < t < δ := min1≤i≤k δ(η̄i).
Now (3) gives thatf(x0 + tu) − f(x0) ∈ −intC for all sufficiently smallt, which contradicts the
assumption thatx0 is aw-minimizer for (1).
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Condition N′′
p. Assume in the contrary, that for someu 6= 0 conditionN′′

p (for u = 0 obviouslyN′′
p is

satisfied). Therefore we have(f ′(x0)u, g′(x0)u) ∈ −(C ×K[g(x0)] \ intC × intK[g(x0)]) and there
exists(y(u), z(u)) ∈ (f(x0), g(x0))′′u such that for someλ ∈ (0, 1) and somew ∈ Rn it holds

(1− λ) y(u) + λ f ′(x0)w ∈ −intC ,

(1− λ) z(u) + λ g′(x0)w ∈ −intK[g(x0] .

According to the definition of the Dini derivative there exists a sequencetk → 0+, such thatlimk yk(u) =
y(u) andlimk zk(u) = z(u), where forv ∈ Rn we put

yk(v) =
2
t2k

(
f(x0 + tkv)− f(x0)− tkf

′(x0)v
)

,

zk(v) =
2
t2k

(
g(x0 + tkv)− g(x0)− tkg

′(x0)v
)

.

Let vk → u andf andg be Lipschitz with constantL in a neighbourhood ofx0. Fork ”large enough”
we have, as in Lemma 1,

‖yk(vk)− yk(u)‖ ≤ L(‖u‖+ ‖vk‖)‖vk − u‖ ,

‖zk(vk)− zk(u)‖ ≤ L(‖u‖+ ‖vk‖)‖vk − u‖ .

Now we haveyk(vk) → y(u) andzk(vk) → z(u), which follows from the estimations

‖yk(vk)− y(u)‖ ≤ ‖yk(vk)− yk(u)‖+ ‖yk(u)− y(u)‖

≤ L(‖u‖+ ‖vk‖)‖vk − u‖+ ‖yk(u)− y(u)‖ ,

‖zk(vk)− z(u)‖ ≤ ‖zk(vk)− zk(u)‖+ ‖zk(u)− z(u)‖

≤ L(‖u‖+ ‖vk‖)‖vk − u‖+ ‖yk(u)− y(u)‖ .

For k = 1, 2, · · · , let vk be such thatw = 2(1−λ)
tkλ (vk − u), i. e. vk = u + λ

2(1−λ) tk w and hence,

vk → u. For everyk, we have

g(x0 + tkv
k)− g(x0) = tkg

′(x0)u + tkg
′(x0)(vk − u) +

1
2
t2kz(u) + o(t2k)

= tkg
′(x0)u +

1
2 (1− λ)

t2k

(
(1− λ) z(u) +

2 (1− λ)
tk

g′(x0)(vk − u)
)

+ o(t2k)

= tkg
′(x0)u +

1
2 (1− λ)

t2k

(
(1− λ) z(u) + λ g′(x0)

(
2(1− λ)

tkλ
(vk − u)

))
+ o(t2k)

= tkg
′(x0)u +

1
2 (1− λ)

t2k
(
(1− λ) z(u) + λ g′(x0)w

)
+ o(t2k)

∈ −K[g(x0)]− intK[g(x0)] + o(t2) ⊂ −intK[g(x0)] ,

the last inclusion is satisfied fork large enough. We get from here (repeating partially the reasoning
from the proof ofN′

p) thatg(x0 + tkv
k) ∈ −intK for all sufficiently largek. Passing to a subsequence,

we may assume that allx0 + tkv
k are feasible. The above chain of equalities and inclusions can be

repeated substitutingg, z(u) andK[g(x0)] respectively byf , y(u) andC. We obtain in such a way
f(x0 + tkv

k)− f(x0) ⊂ −intC, which contradicts tox0 w-minimizer for (1). 2

Now we establish second-order necessary and sufficient optimality conditions in dual form. We assume
as usual thatf : Rn → Rm andg : Rn → Rp areC1,1 functions andC ⊂ Rm, K ⊂ Rp are closed
convex cones. Then forx0 ∈ Rn we put

∆(x0) =
{
(ξ, η) ∈ C ′ ×K ′ | (ξ, η) 6= 0, 〈η, g(x0)〉 = 0, 〈ξ, f ′(x0)〉+ 〈η, g′(x0)〉 = 0

}
.
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Theorem 5 (Second-order conditions, Dual form)Consider problem (1) withf and g being C1,1

functions, andC andK closed convex cones with nonempty interiors.

(Necessary Conditions)Let x0 be aw-minimizer for (1). Then for eachu ∈ Rn the following two
conditions hold:

N′
p : (f ′(x0)u, g′(x0)u) /∈ −(int C × intK[g(x0)]) ,

N′′
d : if (f ′(x0)u, g′(x0)u) ∈ −(C ×K[g(x0)] \ intC × intK[g(x0)])

then∀ (y0, z0) ∈ (f(x0), g(x0))′′u : ∃ (ξ0, η0) ∈ ∆(x0) : 〈ξ0, y0〉+ 〈η0, z0〉 ≥ 0 .

(Sufficient Conditions) Letx0 be a feasible point for problem (1). Suppose that for eachu ∈ Rn \ {0}
one of the following two conditions is satisfied:

S′p : (f ′(x0)u, g′(x0)u) /∈ −(C ×K[g(x0)]) ,

S′′d : (f ′(x0)u, g′(x0)u) ∈ −(C ×K[g(x0)] \ intC × intK[g(x0)])
and∀ (y0, z0) ∈ (f(x0), g(x0))′′u : ∃ (ξ0, η0) ∈ ∆(x0) : 〈ξ0, y0〉+ 〈η0, z0〉 > 0 .

Thenx0 is a i-minimizer of order two for problem (1).

Proof. Necessary Conditions. The necessity of conditionN′
p is proved in Theorem 4. To

complete the proof we show that conditionN′′
p implies N′′

d. Thus, we assume that the convex sets
F+ = conv {(y0, z0), im (f ′(x0), g′(x0))} andF− = (intC × intK[g(x0)]) do not intersect. Since
K ⊂ K[g(x0)] and bothC andK have nonempty interior, we see that bothF+ andF− are nonempty.
According to the Separation Theorem there exists a pair(ξ0, η0) 6= (0, 0) and a real numberα, such that

〈ξ0, y〉+ 〈η0, z〉 ≤ α for all (y, z) ∈ F− ,
〈ξ0, y〉+ 〈η0, z〉 ≥ α for all (y, z) ∈ F+ .

(5)

Since F− is a cone andF+ contains the coneim (f ′(x0), g′(x0)), we getα = 0. Since more-
over, im (f ′(x0), g′(x0)) is a linear space, we see that〈ξ0, y〉 + 〈η0, z〉 = 0 for all (ξ, η) ∈
im (f ′(x0), g′(x0)). The first line in in (5) gives now(ξ0, η0) ∈ C ′×K[g(x0)]′, that is(ξ0, η0) ∈ ∆(x0).
With regard to(y0, z0) ∈ F+, the second line gives〈ξ0, y0〉+ 〈η0, z0〉 ≥ 0.

Sufficient Conditions. We prove that ifx0 is not ai-minimizer of order two for (1), then there exists
u0 ∈ Rn, ‖u0‖ = 1, for which neither of the conditionsS′p andS′′d is satisfied.

Choose a monotone decreasing sequenceεk → 0+. Sincex0 is not ai-minimizer of order two, there
exist sequencestk → 0+ anduk ∈ Rn, ‖uk‖ = 1, such thatg(x0 + tku

k) ∈ −K and

D(f(x0 + tku
k)− f(x0),−C) = max

ξ∈ΓC′
〈ξ, f(x0 + tku

k)− f(x0)〉 < εkt
2
k . (6)

Passing to a subsequence, we may assumeuk → u0. We may assume alsoy0,k → y0, z0,k → z0, where
we have put

y0,k =
2
t2k

(
f(x0 + tku

0)− f(x0)− tk f ′(x0)u0
)

,

yk =
2
t2k

(
f(x0 + tku

k)− f(x0)− tk f ′(x0)uk
)

,

z0,k =
2
t2k

(
g(x0 + tku

0)− g(x0)− tk g′(x0)u0
)

,

zk =
2
t2k

(
g(x0 + tku

k)− g(x0)− tk g′(x0)uk
)

.
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The possibility to choose convergent subsequencey0,k → y0, z0,k → z0, follows from the boundedness
of the differential quotient proved in Lemma 1. Now we have(y0, z0) ∈ (f(x0), g(x0))′′u. We may
assume also that0 < tk < r and bothf andg are Lipschitz with constantL on{x | ‖x− x0‖ ≤ r}.
Now we havezk → z0 which follows from the estimations obtained on the base of Lemma 1

‖zk − z0‖ ≤ ‖zk − z0,k‖+ ‖z0,k − z0‖

≤ L(‖uk‖+ ‖u0‖) ‖uk − u0‖+ ‖z0,k − z0‖ .

Similar estimations foryk show thatyk → y0.

We prove thatS′p is not satisfied atu0. For this purpose we must prove that

f ′(x0)u ∈ −C , g′(x0)u ∈ −K[g(x0)] .

Let ε > 0. We claim that there existsk0 such that for allξ ∈ ΓC′ and allk > k0 the following inequalities
hold:

〈ξ, 1
tk

(
f(x0 + tku

k)− f(x0)
)
〉 <

1
3

ε , (7)

〈ξ, f ′(x0)uk − 1
tk

(
f(x0 + tku

k)− f(x0)
)
〉 <

1
3

ε , (8)

〈ξ, f ′(x0)(u0 − uk)〉 <
1
3

ε . (9)

Inequality (7) follows from (6). Inequality (8) follows from the Fréchet differentiability off

〈ξ, f ′(x0)uk − 1
tk

(
f(x0 + tku

k)− f(x0)
)
〉

≤ ‖ 1
tk

(
f(x0 + tku

k)− f(x0)
)
− f ′(x0)uk‖ <

1
3

ε ,

which is true for all sufficiently smalltk. Inequality (9) follows from

〈ξ, f ′(x0)(u0 − uk)〉 ≤ ‖f ′(x0)‖ ‖u0 − uk‖ <
1
3

ε ,

which is true for‖uk −u0‖ “small enough”. Now we see, that for arbitraryξ ∈ ΓC′ andk > k0 we have

〈ξ, f ′(x0)u0〉 = 〈ξ, 1
tk

(
f(x0 + tku

k)− f(x0)
)
〉

+〈ξ, f ′(x0)uk − 1
tk

(
f(x0 + tku

k)− f(x0)
)
〉

+〈ξ, f ′(x0)(u0 − uk)〉 <
1
3

ε +
1
3

ε +
1
3

ε = ε ,

and D(f ′(x0)u0,−C) = maxξ∈Γ〈ξ, f ′(x0)u0〉 < ε . Since ε > 0 is arbitrary, we see
D(f ′(x0)u0,−C) ≤ 0, whencef ′(x0)u0 ∈ −C.
Similar estimations can be repeated withf andξ ∈ ΓC′ substituted respectively byg andη ∈ K[g(x0)]′,
whence we getg′(x0)u0 ∈ −K[g(x0)]. The only difference occurs with the estimation (7). Then we
have

〈η,
1
tk

(
g(x0 + tku

k)− g(x0)
)
〉 =

1
tk
〈η, g(x0 + tku

k)〉 ≤ 0 ,

sinceg(x0 + tku
k) ∈ −K ⊂ −K[g(x0)].
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Now we prove thatS′′d is not satisfied atu0. We assume that

(f ′(x0)u, g′(x0)u) ∈ −(C ×K[g(x0)] \ intC × intK[g(x0)]) ,

since otherwise the first assertion in conditionS′′d would not be satisfied. It is obvious, that to complete
the proof we must show that

∀ (ξ0, η0) ∈ ∆(x0) : 〈ξ0, y0〉+ 〈η0, z0〉 ≤ 0 .

Obviously, it is enough to show this inequality for(ξ0, η0) ∈ ∆(x0) such thatmax
(
‖ξ0‖, ‖η0‖

)
= 1.

Then
〈ξ0, y0〉+ 〈η0, z0〉 = lim

k

(
〈ξ0, yk〉+ 〈η0, zk〉

)
= lim

k

(
2
t2k
〈ξ0, f(x0 + tku

k)− f(x0)〉+
2
t2k
〈η0, g(x0 + tku

k)− g(x0)〉

− 2
t2k

(
〈ξ0, f ′(x0)uk〉+ 〈η0, g′(x0)uk〉 ≤ 0

))
≤ lim sup

k

2
t2k

D(f(x0 + tku
k)− f(x0),−C) + lim sup

k

2
t2k
〈η0, g(x0 + tku

k)〉

≤ lim sup
k

2
t2k

εkt
2
k = 0 .

2

In fact, in Theorem 5 only conditionsN′′
d andS′′d are given in a dual form. Because of convenience for

the proof conditionsN′
p andS′p are given in the same primal form as they appear in Theorem 4. However

these conditions can be represented in a dual form too. For instance conditionN′
p can be written in the

equivalent dual form

∃ (ξ, η) ∈ (C ′ ×K[g(x0)]′) : 〈ξ, f ′(x0)u〉+ 〈η, g′(x0)u〉 > 0 .

Theorems 3.1 and 4.2 in Liu, Neittaanmäki, Křı́žek [20] are of the same type as Theorem 5. The latter
is however more general in the following aspects. Theorem 5 in opposite to [20] concerns arbitrary and
not only polyhedral conesC. In Theorem 5 the conclusion in the sufficient conditions part is thatx0 is a
i-minimizer of order two, while in [20] the weaker conclusion is proved, namely that the reference point
is onlye-minimizer.

5 Reversal of the sufficient conditions

The isolated minimizers as more qualified notion of efficiency should be more essential solutions for
the vector optimization problem than thee-minimizers. As a result of usingi-minimizers, we have
seen in Theorem 1 that under suitable constraint qualifications the sufficient conditions admit reversal.
Now we discuss the similar possibility to revert the sufficient conditions part of Theorem 5 under suitable
second-order constraint qualifications of Kuhn-Tucker type. Unfortunately, the second-order case is more
complicated than the first-order one. The proposed second-order constraint qualifications calledQ1,1(x0)
look more complicated than the first-order ones applied in Theorem 1. In spite of this, we succeeded in
proving that conditions from the sufficient part of Theorem 5 are satisfied under the stronger hypothesis
thatx0 is ai-minimizer of order two for the following constrained problem

minĈf(x), g(x) ∈ −K, where Ĉ = conv
(
C, im f ′(x0)

)
. (10)
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Obviously, eachi-minimizer of order two for (10) is also ai-minimizer of order two for (1). It remains the
open question, whether under the hypotheses thatx0 is ai-minimizer of order two for (1) the conclusion
of Theorem 6 remains true.

In the sequel we consider the constraint qualification.

Q1,1(x0) : The following conditions are satisfied:

10. g(x0) ∈ −K ,

20. g′(x0)u0 ∈ −(K[g(x0)] \ intK[g(x0)]) ,

30.
2
t2k

(
g(x0 + tku

0)− g(x0)− tkg
′(x0)u0

)
→ z0 ,

40. (∀ η ∈ K[g(x0)]′, (∀ z ∈ im g′(x0) : 〈η, z〉 = 0) : 〈η, z0〉 ≤ 0) implies
∃uk → u0 : ∃ k0 ∈ N : ∀ k > k0 : g(x0 + tku

k) ∈ −K .

Theorem 6 (Reversal of the second-order sufficient conditions)Letx0 be ai-minimizer of order two
for the constrained problem (10) and suppose that the constraint qualificationQ1,1(x0) holds. Then one
of the conditionsS′p or S′′d from Theorem 5 is satisfied.

Proof. Let x0 be ai-minimizer of order two for problem (10), which means thatg(x0) ∈ −K and there
existsr > 0 andA > 0 such thatg(x) ∈ −K and‖x− x0‖ ≤ r implies

D(f(x)− f(x0),−Ĉ) = max
ξ∈ΓĈ′

〈ξ, f(x)− f(x0)〉 ≥ A ‖x− x0‖2 . (11)

The pointx0 being ai-minimizer of order two for problem (10) is also aw-minimzer for (10) and hence
also for (1). Therefore it satisfies conditionN′

p. Now it becomes obvious, that for eachu = u0 one and
only one of the first-order conditions inS′p and the first part ofS′′d is satisfied. Suppose thatS′p is not
satisfied. Then the first part of conditionS′′d holds, that is

(f ′(x0)u0, g′(x0)u0) ∈ −(C ×K[g(x0)] \ intC × intK[g(x0)]) .

We prove, that also the second part of conditionS′′d holds.

One of the following two cases may arise:

10. There existsη0 ∈ K[g(x0)]′ such that〈η0, z〉 = 0 for all z ∈ im f ′(x0) and〈η0, z0〉 > 0.
We put now ξ0 = 0. Then we have obviously(ξ0, η0) ∈ C ′ × K[g(x0)]′ and 〈ξ0, f ′(x0)〉 +
〈η0, g′(x0)〉 = 0. Thus(ξ0, η0) ∈ ∆(x0) and 〈ξ0, y0〉 + 〈η0, z0〉 > 0. Therefore conditionS′′d is
satisfied.

20. For all η ∈ K[g(x0)]′, such that〈η, z〉 = 0 for all z ∈ im f ′(x0), it holds〈η, z0〉 ≤ 0.
This condition coincides with condition40 in the constraint qualificationQ1,1(x0). Now we see that all
points10–40 in the constraint qualificationQ1,1(x0) are satisfied. Therefore there existsuk → u0 and a
positive integerk0 such that for allk > k0 it holdsg(x0 + tku

k) ∈ −K. Passing to a subsequence, we
may assume that this inclusion holds for allk. From (11) it follows that there existsξk ∈ ΓĈ′ such that

D(f(x0 + tku
k)− f(x0),−Ĉ) = 〈ξk, f(x0 + tku

k)− f(x0)〉 ≥ A t2k‖uk‖2 .

Passing to a subsequence, we may assume thatξk → ξ0 ∈ ΓĈ′ . Let us underline that eachξ ∈ Ĉ ′

satisfies〈ξ, f ′(x0)〉 = 0. This follows from〈ξ, z〉 ≤ 0 for all z ∈ im f ′(x0) and the fact thatim f ′(x0)
is a linear space. Now we have

〈ξk,
2
t2k

(
f(x0 + tku

k)− f(x0)− tkf
′(x0)uk

)
〉

2
t2k
〈ξk,

(
f(x0 + tku

k)− f(x0)
)
〉 ≥ 2

t2k
A t2k ‖uk‖2 = A ‖uk‖2 .
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Passing to a limit gives〈ξ0, y0〉 ≥ 2 A ‖u0‖2 = 2 A . Puttingη0 = 0, we have obviously(ξ0, η0) ∈
∆(x0) and〈ξ0, y0〉+ 〈η0, z0〉 > 0. 2
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[15] B. Jiménez, V. Novo:First and second order conditions for strict minimality in nonsmooth vector
optimization. J. Math. Anal. Appl. 284 (2003), 496–510.

[16] D. Klatte, K. Tammer:On the second order sufficient conditions to perturbed C1,1 optimization
problems. Optimization 19 (1988), 169–180.

12



[17] H. W. Kuhn, A. W. Tucker: Nonlinear programming. In: J. Neyman (Ed.), Proceedings of the
Second Berkeley Symposium on Mathematical Statistics and Probability, pp. 481–492, University
of California Press. Berkeley, California, 1951

[18] L. Liu: The second-order conditions of nondominated solutions for C1,1 generalized multiobjective
mathematical programming. J. Syst. Sci. Math. Sci. 4 (1991), no. 2, 128–138.
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