N. Popovici, M. Rocca

Pareto reducibility of vector
variational inequalities

2010/4

UNIVERSITA DELL'INSUBRIA
FACOLTA DI ECONOMIA

http://eco.uninsubria.it



http://www.uninsubria.it/varese/didattica/facolta/economia/

In questi quaderni vengono pubblicati i lavori dei docenti della
Facolta di Economia dell’Universita dell’Insubria. La
pubblicazione di contributi di altri studiosi, che abbiano un
rapporto didattico o scientifico stabile con la Facolta, puo essere
proposta da un professore della Facolta, dopo che il contributo
sia stato discusso pubblicamente. Il nome del proponente e
riportato in nota all'articolo. | punti di vista espressi nei quaderni
della Facolta di Economia riflettono unicamente le opinioni
degli autori, e non rispecchiano necessariamente quelli della
Facolta di Economia dell'Universita dell'Insubria.

These Working papers collect the work of the Faculty of
Economics of the University of Insubria. The publication of
work by other Authors can be proposed by a member of the
Faculty, provided that the paper has been presented in public.
The name of the proposer is reported in a footnote. The views
expressed in the Working papers reflect the opinions of the
Authors only, and not necessarily the ones of the Economics
Faculty of the University of Insubria.

© Copyright N. Popovici, M.Rocca
Printed in Italy in January 2010
Universita degli Studi dell'Insubria
Via Monte Generoso, 71, 21100 Varese, Italy

All rights reserved. No part of this paper may be reproduced in
any form without permission of the Author.



Pareto reducibility of vector variational inequalities®

Nicolae Popovici
Babeg-Bolyai University, Department of Mathematics,
Str. M. Kogalniceanu, 1, 400087 Cluj-Napoca, Romania

E-mail: popovici@math.ubbcluj.ro

Matteo Rocca
University of Insubria, Department of Economics,
Via Monte Generoso, 71, 21100 Varese, Italy

E-mail: mrocca@eco.uninsubria.it

Abstract

A multicriteria optimization problem is called Pareto reducible if its weakly
efficient solutions are Pareto solutions of the problem itself or a subproblem obtained
from it by selecting certain criteria. The aim of this paper is to introduce a similar
concept of Pareto reducibility for a class of vector variational inequalities.
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1 Multicriteria optimization problems

Consider a vector function, f = (fi1,..., fm) : D — R™, defined on a nonempty set D
and taking values in the m-dimensional real Euclidean space R™ (m € N, m > 2).

For convenience, denote K, := {1,...,m}. Whenever K C K, will be a nonempty
set of indices, with cardinality |K| = k, the notation fy will represent the function
frie = (firs--, fi) : D — R¥ where iy, ..., are implicitly defined by

K:{Zl,,lk} and 1 <...<1.

*The first author’s research was partially supported by the grant CNCSIS ID-2261, 543/2009, this
work being initiated while N. Popovici was Guest Fellow of the Department of Economics of Insubria
University in 2009.



To each such a selection of indices, we associate an optimization problem:

(Pr) Minimize fx(x)
K subject to x € D.

Notice that (Pk) is a scalar optimization problem if K is a singleton, otherwise being a
vector optimization problem.

As usual in Vector Optimization (see, e.g., [7]), the set of Pareto solutions (also called
efficient solutions) of (Pk) is given by

Eff(Pk) = {a"€D | fz € D: fx(x) € fr(2") — RE\ {0}}
while that of weakly efficient solutions is defined as

w-Eff(Px) = {2°€ D | Jz € D: fx(x) € fx(a®) — int RE}.
Since fr,, = f, it follows that whenever K # K,, the optimization problem (Pg) can be
regarded as a subproblem (i.e., a reduced problem) obtained from

(Prc.) Minimize f(z)
Km subject to z € D

by eliminating certain criteria.
It is easily seen that, for every nonempty subset K of K,,, one has

EH(PK) C W—EH(PK) C W-EH(PKm) (1)

According to Popovici [8], the multicriteria optimization problem (Pk,,) is said to be
Pareto reducible if
w-Ef(Pk,) = | Eff(Px), (2)

PAKCKm

which means that every weakly efficient solution of (P, ) actually is a Pareto solution of
(Pk,,) or it is a Pareto solution for at least one subproblem of type (Pk), where K is a
proper subset of K,,.

Obviously, the inclusion ”D” in (2) is always true, as shown by (1). However, in order
to establish the inclusion ”C” in (2), some additional assumption have to be imposed on
the objective function f.

Motivated by the practical importance of location problems, the relation (2) has been
proven by Lowe et al. in [6] by assuming that all scalar components of f are convex, in
this case the proof being based on the classical weighting scalarization method. Since
this scalarization method cannot be applied for general nonconvex problems, some other
appropriate generalized convexity assumptions have been identified in [9], [10], and [4],
in order to obtain sufficient conditions for the Pareto reducibility of the multicriteria
optimization problem (P, ).



2 Vector variational inequalities

Throughout this section D will be a nonempty closed convex subset of the n-dimensional
real Euclidean space R™, which will be endowed with the usual inner product (-, -).

Let F; : D — R",..., F, : D — R" some vector-valued functions (m € N, m > 2).
For all x € D and y € R", denote

F@)w) = (F@)y),- -, (Ful@),5) €R” 3)
and consider the following vector variational inequalities (see [2] and [1], respectively):
(VVI)  Find z € D such that F(z)(x — ) ¢ —R"\ {0}, Vo € D;
(w-VVI)  Find z € D such that F(z)(x — %) ¢ —intR"', Vo € D.

Let us denote by Sol(VVI) := {z € D | F(z)(x —z) ¢ —R7 \ {0}, Vo € D} and
Sol(wVVI) :=={z € D | F(z)(x —2) ¢ —int R, Vo € D} the solution sets of the above
vector variational inequalities.

Following the scalarization approach proposed by Lee et al. in [5], we will associate
to each vector § = (&,...,&,) € RY the following variational inequality:

(V)  Find z € D such that (3" & Fi(z),x — %) >0, Vo € D.

Notice that (V) is a variational inequality in the classical sense, as considered in [3]. Let
Sol(VLg) :={z € D | (31" & Fi(Z),x — ) > 0, Yo € D} be the solution set of (VI).

The following preliminary result has been established by Lee et al. ([5], Theorem 2.1).
Lemma 1 The following relations hold true:
J Sol(VI) € Sol(VVI) C Sol(wVVI) = | ] Sol(VI). (4)
€€ int R £e RT\{0}

As we have seen in Section 1, a multicriteria optimization problem can be decomposed
into subproblems obtained from the original one by eliminating certain criteria. Similarly,
we will associate to each nonempty set of indices K = {iy,...,ix} C K, :={1,...,m}
(where it is implicitly understood that 7; < ... < ix) two variational inequalities, which
can be viewed as subproblems of the vector variational inequalities (VVI) and (w-VVI).
To this aim, we define for all x € D and y € R" the following point in R*:

Fr(o)(y) = (Fu(@),),. . (Fi(2),9)). (5)

Now, we can introduce the following two variational inequalities:

(VVIg)  Find z € D such that Fx(z)(z —z) ¢ —R% \ {0}, Va € D;
(wVVIg)  Find Z € D such that Fr(z)(z — ) ¢ —intRY, Va € D.

The sets of their solutions will be denoted by Sol(VVI) and Sol(w-VVIg), respectively.
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Remark 1 When the cardinality of K is greater than one (VVIg) and (w-VVIg) actually
are vector variational inequalities; otherwise, if K is a singleton, they become classical
(i.e. scalar) variational inequalities. Notice also that for K = K,, we recover the original
vector variational inequalities and we have

Sol(VVIg,) = Sol(VVI) (6)

m

Sol(w-VVIg, ) = Sol(w-VVI). (7)
Theorem 1 The following equality holds:

Sol(wVVI) = | Sol(VVIg). (8)

@#KCKm

Proof. We will firstly prove the inclusion "C” in (8). Consider an arbitrary point
T € Sol(w-VVI). By (4) we infer the existence of a vector £ = (&,...,§,) € R\ {0}
such that & € Sol(VIy), i.e.,

(" EF(7),r —7) >0, Ve eD. (9)

Consider the set K := {i € K,, | £ > 0}. This set is nonempty, since & € R™ \ {0}.
Denoting by k the cardinality of K, it follows that K = {i1,...,ix} for some indices
i1 < ...<i1y from K,,.

Consider the vector 7 = (71, ..., 7)) € int R, defined by

fj = éij for all je€{l,...,k}.
Then (9) can be rewritten as
(X8 i Fiy(3),2 — &) >0, Vo € D,

which shows that & € Sol(VIg ;) == {z € D | (3_F_i;F;,(z),2 — %) >0, Vz € D}.
By applying Lemma 1 for (F,, ..., F;,) instead of (F1,..., F,,), we obtain that
U Sol(VIg,) C Sol(VVIg) C Sol(wVVIg) = | ) Sol(VIg,), (10)

n€ int RY n€ RE\{0}

where Sol(VIg,) == {z € D | (ZlenjFij (Z),x — ) > 0, Yz € D} for any vector
n=(m,...,m) € R

Since 7 € Sol(VIg ;) C UneimRi Sol(Vlg ), it follows from (10) that & € Sol(VVIg),
hence & € Uy g,, SOl(VVIk). Thus the inclusion "C” in (8) is true.

In order to prove the inclusion "2 in (8), let & € Uy ,xcg,, SOl(VVIk) be arbitrarily
chosen. Then there exists a set of indices K = {iy,...,ix} C K,, such that i; < ... <y
and & € Sol(VVIk).



By applying Lemma 1 for (F},, ..., F;,) in the role of (F}, ..., F,,), we obtain that
L Sol(Vik,) C Sol(VVIk) C Sol(wVVIx) = | ] Sol(Vk,), (11)
1€ int RE. ne RE\{0}

where Sol(Vlg,) = {z € D | (ZlenjFij(j),x —x) > 0, Yoz € D} for any vector

n= (n17"'ank> € Rﬁ_
Since & € Sol(VVI), it follows by (11) that & € |J, . RE\{0} Sol(Vlk ), i.e., there exists

= (M,...,M) € RE \ {0} such that
(X8 i Fiy(3),2 —3) >0, Vo € D. (12)

Taking into account that K = {i € K,, | 3j € {1,...,k} such that ¢ = ¢;} and
i1 < ...<ig, we can define a vector £ = (&1,...,&,) € R™ by

& = n; if i =4; for some j € {1,...,k}
t 0 if i€ Ky,\K.
Then we have > 1", éze(@ — Z?:l 0, F,

vy

(). Hence (12) becomes

m

) _&Fi(#), 2 —2) >0, Yo €D,

i=1

which means that & € Sol(VI). On the other hand, it is easily seen that ¢ e R\ {0},

since 7) € R% \ {0}. By (4) we infer that & € Sol(w-VVI). Thus the inclusion ”>” in (8)
is true. U

Remark 2 Theorem 1 shows that the vector variational inequalities are Pareto reducible,
in the sense that every solution of the vector variational inequality Sol(w-V'VI) is a solution
of at least one “reduced” variational inequality of type Sol(VVIg), with K C K,,.

References

[1] CHEN, G.Y., Eristence of solutions for a vector variational inequality: an extension
of the Hartmann-Stampacchia theorem, J. Optim. Theory Appl., 74 (1992), 445-456.

[2] GiaNNESsSI, F., Theorems of alternative, quadratic programs and complementarity
problems, In: R. W. Cottle, F. Giannessi, J.-L. Lions (Eds.), Variational inequalities
and complementarity problems, pp. 151-186, Wiley, Chichester, 1980.

[3] KINDERLEHRER, D. and STAMPACCHIA, G., An introduction to variational inequal-
ities and their applications, Academic Press, New York-London, 1980.



LA TorrE, D. and Porovici, N., Arcwise cone-quasiconvex multicriteria optimiza-
tion, Oper. Res. Lett., doi:10.1016/j.0r1.2009.11.003.

Lee, G.M., Kim, D.S., LEE, B.S. and YEN, N.D., Vector variational inequality
as a tool for studying vector optimization problems, Nonlinear Anal. Theory Methods
Appl., 34 (1998), 745-765.

Lowe, T.J., THISSE, J.-F., WARD, J.E. and WENDELL, R.E., On efficient so-
lutions to multiple objective mathematical programs, Management Sci., 30 (1984),
1346-1349.

Luc, D.T., Theory of Vector Optimization, Springer-Verlag, Berlin, 1989.

Porovici, N., Pareto reducible multicriteria optimization problems, Optimization,
54 (2005), 253-263.

Porovici, N., Structure of efficient sets in lexicographic quasiconvexr multicriteria
optimization, Oper. Res. Lett., 34 (2) (2006), 142-148.

Porovici, N., Explicitly quasiconvex set-valued optimization, J. Global. Optim., 38
(2007), 103-118.



